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ABSTRACT

An analytical solution of the stochastic wave equation is presented to model 2D
heterogeneous geological environments. In the formulation, a plane-harmonic seismic wave
propagates in a medium having random elastic properties in the horizontal and vertical directions.
The 2D random field representation is introduced in the stiffness properties of the medium by
assuming it has log-normal probability density functions. The constitutive stress and displacement
laws with the momentum balance equation for total stress yield a partial differential equation,
which is developed using a perturbation approach by assuming a 2D random geological medium
having material heterogeneity randomly distributed in the horizontal (x) and vertical (z)
directions. The method yields a double integral representation of the displacement wave vector
based on the Green’s tensor and the Fourier-Stieltjes increments. The double integral is reduced
to one integral representation by removing the singularities. The final form of the integral is used
to construct the stochastic wave field displacement components expressed in terms of a single
integral that is appropriate for calculations. 

This paper also describes a numerical approach that predicts the stochastic wave field used
to test the applicability of the theory by simulating a 2D randomly heterogeneous geological
medium. Synthetic vertical and horizontal component seismograms based on this random medium
indicate a decrease in wave amplitude and wave broadening effects at different depths of the
random velocity images. The results suggest that the attenuation and dispersion of waves traveling
between two wells are caused by the presence of  scatterers observed in the 2D random velocity
distribution. Large scatterers produce strong reflections that are observed in the random horizontal
wave field  seismograms. In general, the random wave field seismograms show characteristic
seismic signatures that are associated with the structural distribution of the heterogeneities. In
particular, random wave field signatures associated with heterogeneous low velocity zones are
observed in the simulations. This kind of signature has been observed in crosswell data recorded
at the Gypsy test site in Oklahoma.  

INTRODUCTION

Seismic signals propagating through heterogeneous materials experience a variety of
effects, depending on the ratio of wavelength to scale of the heterogeneities. The major effort in
seismic exploration is to analyze the interaction of seismic waves with geological interfaces and
determine an appropriate model of the subsurface formations. Such model structures do not take
into account small-scale heterogeneities as revealed by the logs and core samples. In particular,
velocity and density fluctuations are at smaller scales, down to the microscopic pores and cracks
known to exist within a geologic medium, and they cannot be resolved with current methods in
a deterministic way. In addition, it has been shown that small-scale variations can have a
significant effect on the transmitted wave field and can give rise to apparent attenuation and
dispersion (O’Doherty and Anstey,1971). The effect of scattering attenuation has been addressed
by Brown and Seifert (1997). They demonstrated that the heterogeneous shale sandstone structure
at the Gypsy test site, Oklahoma, produces an apparent horizontal velocity low at the crosswell
seismic scale.  

Synthetic seismic data produced using deterministic models cannot explain the significant
variability observed in seismic field data. One alternative is a model that combines large- and
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small-scale inhomogeneities. Large-scale inhomogeneities are the mean characteristics of the
earth, while small-scale inhomogeneities are fluctuations in those mean values. The small-scale
inhomogeneities are numerous and irregularly distributed, so the only information we can
reconstruct from the seismic data are their statistical rock physical properties. To address this
problem, several researchers have used solutions of the inhomogeneous elastic wave equation.
There is extensive information in the applied physics literature on the solution of elastic wave
propagation in heterogeneous media, and on statistical studies of various wave propagation
phenomena and transport processes. The heterogeneous wave equations have been treated by a
variety of methods based either on approximate multiple-scale expansions for periodic media
(Santosa and Symes,1991) or on various perturbation methods for statistical continua (Hoffman,
1964; Keller, 1964). Seismic wave propagation in random media in reference to dispersion and
attenuation has been addressed by Korn (1993) and by Lerche and Petroy (1986), and seismology
studies to describe small scale inhomogeneities have been addressed by several authors (Kerner,
1992; Ikelle et al., 1993; Kneib and Kerner, 1993; Roth and Korn, 1993). Some of these authors
used the finite-difference algorithm to simulate seismic wave propagation. Only recently was a
direct approach  introduced to solve the 1D inhomogeneous wave equation in which the spatial
velocity and density distributions are viewed as stochastic processes, and the effects on waves
propagating through the random medium are described in terms of statistical averages of many
observations. As addressed by Parra et al. (1999a) for the 1D stochastic solution, statistical
parameters that define heterogeneities in terms of the rock physical properties of interest are the
mean, variance, and fluctuation length scales. 

In this paper, to produce synthetic seismograms in random media, the solution of plane-
harmonic seismic waves in 1D random media having density and compressional wave velocity
properties distributed in the vertical direction is extended to simulate a geologic medium having
rock physical properties distributed in the horizontal (x) and vertical (z) directions. This work has
several advantages. It obtains a solution expressed in terms of the standard statistical parameters
of 2D random media, including the second-order moments (the variance and mean values of
random physical material properties). In addition, the solution is an explicit integral representation
of  vector wave displacement based on the Green’s function, and so by replacing the Green’s
function the theory may be readily extended to additional dimensions and alternate formations.
The random wave field is expressed in terms of the coefficients of the Green’s tensor, which are
nonlinear functions of the elastic parameters. That is, after the expansion the solution remains a
nonlinear function of the average rock properties of the medium and linear with respect to the
standard deviations. An additional advantage of the present solution is to be able to simulate the
two component seismic coda based on different degrees of variability of the material properties,
angles of incidents, and average rock physical properties. The solution takes advantage of the
small-scale heterogeneities  determined from sonic logs to simulate seismic waveforms. For this
purpose, a 2D random univariant Gaussian field with an exponential decay correlation function
is introduced.

We expect that this modeling approach can be used to simulate small-scale heterogeneities
to interpret seismic waveforms by analyzing the pulse broadening effect, the seismic coda, and
the anisotropic behavior. This modeling can be done using well log and core information. Thus,
such properties can be used to model 2D seismic data. Several stochastic replicas can be
generated to explain observed data. Travel-time fluctuation, amplitude fluctuation, and
attenuation and excitation of secondary waves can be analyzed. Since the solution is expressed
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in terms of the σ-parameters (standard deviation of material property), medium variability is
controlled by choosing these parameters to satisfy the first-order approximation.

To predict attenuation and velocity dispersion of seismic waves in randomly
heterogeneous media, we suggest the work of Parra et al. (1999b), Shapiro et al. (1994), and
Shapiro and Zien (1993). In  Parra et al., a second-order perturbation solution of the ensemble-
averaged 1D inhomogeneous wave equation provides the vector wave field and an effective wave
propagation vector. These equations are expressed in terms of the  standard deviations of the rock
physical properties, the cross-correlation coefficient, and an integral that includes the spectral
density function and a kernel function. The solution was compared with previously established
theoretical work (e.g., Shapiro et al. 1994).  This comparison resulted in a good correlation
between both theories within the expected second-order accuracy. Although the 1D solutions
given in  Parra and Shapiro are based on different theoretical approaches, both arrive at the same
results. However, the attenuation and velocity dispersion for 2D structures was not addressed by
Shapiro.   In addition, we used an elastic plane wave model (deterministic) to demonstrate the
ability of stochastic medium theory to successfully address scattering on two length scales in real
sedimentary lithology (Hackert and Parra 2000). The second-order perturbation solution of the
displacement and wave propagation vector given in Parra et al. (1999b) can be extended to model
2D heterogeneities. These extensions are presently under consideration and will be reported in
the near future. As for the 1D case (see Parra et al. 1999a), the present 2D stochastic wave field
solution is the first step toward development of the second-order perturbation solution to the
ensemble-averaged 2D inhomogeneous wave equation.

In summary, in this paper we extend the fundamental 1D random medium solution given
in Parra et al. (1999a) to the 2D stochastic solution in the 2D space of the plane-harmonics of P-
and S-wave propagation. Numerical models of the 2D solution are used to generate synthetic
seismograms associated with a heterogeneous medium represented by a random medium.
Random wave motion realizations are performed numerically using the method given by
Shinozuka (1972).

THEORY 

The constitutive stress and the momentum balance equation are introduced in the
development of the stress and displacement solutions for random increments using the 2D
Fourier-Stieltjes increments representation. The first step is to establish the 2D inhomogeneous
elastic wave equation based on the constitutive laws. The second step is to define the
heterogeneous elastic properties as Gaussian random fields. In this application we assume the
stiffness constants associated with the P- and S-wave velocities to be random fields. To facilitate
the analysis we assume a linear approximation based on Taylor series to the first order in terms
of σ-parameters for the vector wave displacement. The inhomogeneous Green’s function is
derived from the 2D elastic wave equation by applying this approximation. As a result of the
derivation, source terms are obtained as random functions. The stochasticity arises from the
spatially distributed form of the source. The source terms are functions of the stochastic random
elastic properties.

To develop a tractable solution for random wave displacements, the 2D Fourier-Stieltjes
integral is introduced and applied to the Green’s function in the frequency domain. This requires
expressing the source increments in terms of the normalized random fields of the stiffness
constants using a theorem given in Parra et al. (1999a). The next step is to reduce the double
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A(x,z) ' R n α (x,z) ' A % σA AN(x,z)

B(x,z) ' R n µ (x,z) ' B % σB BN(x,z) ,
(4)

integral representation of the vector wave displacement to a single integral representation by
removing the singularities. The final solution is further modified by introducing a numerical
approach to evaluate the stochastic wave fields.

General representation of the classical elastic wave equation/random coefficients 
We have generalized the theory of elastic waves in unbounded media to allow the intrinsic

properties to be heterogeneous, e.g., a randomly distributed spatial structure. To do this, we must
extend the constitutive relations to a case of spatially variable coefficients. In the frequency
domain these basic equations are:

C Constitutive Stress/Displacement Laws:
Total stress of the elastic medium

( ) ( )τ µ λ δ ααij ij ijx e x e= +2 r r
(1a)

C Momentum Balance Equation for Total Stress
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The elastic wave equation model problem in Equation (2) can be reduced to the solution
of a plane wave propagating in the x and z planes of a 2D random geological medium having
material heterogeneity randomly distributed in the horizontal (x) and vertical (z) directions. For
this system of equations the following material properties (or random field coefficients) are
considered:

( ) ( ) ( ) ( )α λ µx z x z x z e A x z, , , ,= + =2 (3a)

and    , (3b)( ) ( )µ x z eB x z, ,=

where A(x,z), and B(x,z) are assumed to be Gaussian random fields. The means of the log-
coefficients are the geometric means of the coefficients themselves [see Parra et al. (1999a)].
Thus,

where    (5)A ' R n (αG) : αG ' e A
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α(x,z) ' αG exp σA AN(x,z) , (6)

ux(σA,σB) ' uox % u (x)A σA % u (x)B σB (7a)

and    B ' R n (µG) : µG ' e B .

Equations (3) suggest that we have defined AN and BN in such a way that they are normalized
Gaussian random fields, with zero means and unit variances (the actual variances of A and B are

). We can rewrite the governing linear system of Equations (1) in terms of logσ2
A, and σ2

B
coefficients given by

and       .µ(x,z) ' µG exp σB BN(x,z)

Thus, the perturbation equations can be obtained by substituting Equations (6) into the
governing linear system of equations, and by expanding the resulting elastic differential equation
(EDE) in terms of σ-parameters:

σA = standard deviation of R n (α (x, z))
and σB = standard deviation of R n (µ (x, z)).

Since there is more than one parameter, a multi-parameter expansion is required. That is,
we expand the vector wave field to first-order in terms of the σ - parameters, thus neglecting terms
of order O(σ2) or higher, and then solve the resulting stochastic wave equation.

The solution of ux (x, z, ω) and uz (x, z, ω) must depend on the material property
parameters  σA and σB. We chose to determine the perturbation equations by applying Taylor
series to ux = ux (x, z, ω; σA, σB) and uz = uz (x, z, ω, σA, σB) around the parameter values σA = σB
= 0.  Dropping the (x, z, ω) dependence from our notations, we have

and (7b)uz(σA ,σB) ' uoz % u (z)A σA % u (z)B σB

and (8)ux(0, 0) ' uox

.uz(0, 0) ' uoz

Equations (7) specifically indicate that the total vector wave field can be obtained by a
single superposition of ux (0,0), uz (0,0), ux (σA, 0), uz(0, σB), etc.

The obvious meaning of these elementary wave fields is, for example:

 or equivalently (9)A ' A, and B ' B,

and .α ' AG, µ ' µG

For example, uz (σB, 0) is the stochastic wave field for random B(x, z) and constants
A(y,z).
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uA ' [ u (x)
A , u (z)

A ]T, and

FA ' [ f (x)
A , f (z)

A ]T .

(14a)

(14b)

We will now develop separate equations for each of the sub-problem solutions defined in
Equations (7) and (8).

Representation of random source terms
The present approach consists of forming random vector functions for each material

property.  These functions are defined by the superposition of the deterministic and the random
solutions, assuming linear approximations for the material properties.

Thus, the deterministic solution for the displacement is given by

ux(0,0) ' uox

and . (10)uz(0,0) ' uoz

The solution corresponds  to σA = σB = 0.

For a plane wave traveling at an angle of incidence θ with respect to the z-axis, the
displacement components derived from potentials are given by

uox ' &j kox e &j ( kox xo % koz zo )

and , (11)uoz ' &j koz e &j ( kox xo % koz zo )

where (xo, zo) is the source position coordinate

and , (12)kox '
ω
vp

sinθ, k0z '
ω
vp

cosθ

vp is the compressional wave velocity of the medium.
Thus, the random vector displacement for the material property A(x,z) is given by:

uz (σA, 0) ' uoz % σAu (z)
A

and . (13)ux (σA, 0) ' uox % σA u (x)
A

Inserting these equations for σB = 0 into Equation (2), and expanding the exponential
exp(σA AN(x, z)) using Taylor series, exp (σA AN(x, z)) = 1 + σA AN(x, z)), and recognizing that the
deterministic part of the linear system of equations vanishes, gives the first-order approximate
equation in the frequency domain:

‹ uA = FA, (14)

with the following vector notation:
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‹ij '

αG
M2

Mx 2
% µG

M2

Mz 2
% ω2ρG (λG % µG) M2

MxMz

(λG % µG) M2

MxMz
αG

M2

Mz 2
% µG

M2

Mx 2
% ω2ρG

. (15)

‹ is the differential operator of components ‹ij, given by

This system of equations is a stochastic wave equation for the displacement components u (x)
A (x, z, ω )

and .  This stochasticity arises only from the spatially distributed random source termsu (z)
A (x, z, ω)

given by

f (x)
A ' &αG

M
Mx

AN (x,z)
Muox

Mx
%

Muoz

Mz
(16)

and f (z)
A ' &αG

M
Mz

AN (x, z)
Muox

Mx
%

Muoz

Mz
.

For the second material property B(x,z) the random vector wave displacement is given by:

(17)uz (0, σB ) ' uoz % σBu (z)
B

and .ux (0, σB ) ' uox % σBu (x)
B

Substituting this equation in Equation (2) for σA = 0, and expanding the exponential (i.e.,
exp(σBBN(x,z)) = 1 + σBBN(x,z) using Taylor series, the first-order approximate equation in the
frequency domain is reduced to

(18)‹uB ' FB ,

where

(18a)uB ' u (x)
B , u (z)

B

T
,

FB ' f x
B , f z

B

T
, (18b)

in which  , (18c)f (x)
B ' &µG

M
Mz

BN(x, z)
Muox

Mz
%

Muoz

Mx

and . (18d)f (z)
B ' &µG

M
Mx

BN (x, z)
Muox

Mz
%

Muoz

Mx

The differential operator is given by Equation (15). In this case, BN(x,z) is a parameter
associated with the shear wave velocity of the medium.
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f (x, z) ' I
4

&4
I
4

&4
e j(kzz % kx x )df̂ (kx, kz, ω ) , (19)

First-order stochastic vector wave field
To find a solution of the first-order stochastic vector wave field based on Equation (7), we

must determine the values of uA and uB vectors by inverting Equations (14) and (18). However,
to solve these equations having nonlinear source terms, we use the 2D random Fourier-Stieltjes
representation given by

for a random medium having material properties in the x and z directions (see Parra et al., 1999a).
After applying this representation to Equations (14) and (18), the spectral random

increments of the displacements uA and uB are expressed in terms of the coefficients of the
Green’s tensor. These coefficients are determined together with the source increments in
Appendix A. The increments allow us to write a general expression for the random vector wave
field components as follows

(20)
d ûx

d ûz

'

g11 g12

g21 g22

d f̂A d f̂B

d f̂A d f̂B

σA

σB

,

where the coefficients gij are nonlinear functions and the increments df̂ are the source terms.
These source terms are associated with the random material properties of the medium.

To find a tractable representation for the random vector wave field given in Equation (20),
Appendix B gives a single integral representation for the components. That is, the double integral
introduced by Equation (19) is reduced to single integrals by removing the singularities given
implicitly in the coefficients of the Green’s tensor (see Appendix C). The single integrals are
incorporated into the random wave field components to yield a practical representation for
calculations (see Appendix B). These random vector displacement components  are given by  

ux (x, z,ω) ' π jσAk 2
p I

4

&4
G1(t)d Â(xp(t), zp(t) )

% π jσBk 2
p sin2θ

vs

vp

2

I
4

&4
G2 (t)d B̂( xs(t), zs(t) )

% G3 (t)d B̂(xp(t), zp(t) ) (21)
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uz (x, z,ω) ' π jσAk 2
p I

4

&4
G1 (&t)d Â xp(&t), zp(&t)

% π jσBk 2
p sin2θ

vs

vp

2

I
4

&4
G2 (&t)d B̂ xs(&t), zs(&t)

% G3 (&t) dB̂ xp(&t), zp(&t)

                 ( 2 2 )

where
xp(t) ' kp (1%a)sinθ% tcosθ

zp(t) ' kp (1%a)cosθ& tcosθ

xs(t) ' kp

vp

vs

%b sinθ% tcosθ

zs(t) ' kp

vp

vs

%b cosθ& tsinθ .
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A(x,z) Ñ ln[α(x,z)] ' Ā%σAAN(x,z)
B(x,z) Ñ ln[µ(x,z)] ' B̄%σB BN(x,z)

(23) 

The final first-order solution in Equations (21) and (22) are linear with respect to the
standard deviations of the random material properties A and B, and they are nonlinear with
respect to the elastic properties of the medium. In addition, the kernels G1, G2 and G3 given in
Appendix B are nonlinear functions, which have structures similar to those of a point source in
an unbounded medium (see Aki and Richards, 1980). For example, the first term of Equation (21)
is multiplied by σA and represents the compressional wave energy of the random wave field, and
the second term is multiplied by σB and represents the shear wave energy of the random wave
field. These two standard deviations control how much P- or S-wave energy should be considered
for simulating random wave fields. In addition, the shear wave contribution term is multiplied by
the factor sin(2θ), which includes the angle of incidence of the plane wave. That is, for incidence
angles of 0 and 90 degrees, the contribution of the shear wave energy is zero. Alternatively, for
an angle of incidence equal to 45 degrees, the shear wave energy contribution to the total random
wave field is maximum.

To generate wave field responses with the above integral solution we express the Fourier
increments dÂ and d  in terms of the spectral density function (S) following the method ofB̂
Shinozuka (1972). The numerical implementation for solution of the stochastic wave equation
to generate wave fields is given in the next section.

NUMERICAL APPROACH TO EVALUATE STOCHASTIC WAVE FIELDS

To simulate elastic property distribution associated with P- and S-wave velocities and
wave field responses, we have implemented an algorithm based on the work of Shinozuka (1972).
First we introduced expressions to calculate 2D distributions of random elastic properties, then
we describe the numerical method to simulate the wave field. Finally, we give expressions for the
density functions to calculate random elastic properties and address the wave field expressions
associated with 2D elastic property distributions.   

Elastic properties
We consider the two elastic properties as random variables, α=λ+2µ, which are associated

with the P- waves, and the rigidity µ, which is associated with the S-waves. We assume that these
random variables have a log-normal distribution — the natural logarithms of these quantities fit
a normal distribution. Accordingly, we have defined two auxiliary quantities A and B:

In Equation (23) the symbols with bars indicate mean values, and the primed symbols are
the random variables themselves with a mean of zero and a variance of one.

The integrals associated with the stochastic processes are all calculated using Fourier-
Stieltjes representations:
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AN(x,z) ' I
4

&4
I
4

&4
e jkxx% jkzz dÂ(kx,kz)

BN(x,z) ' I
4

&4
I
4

&4
e jkxx% jkzz dB̂(kx,kz) .

(24) 

φ(&x(t), z(t) ) ' &φ [x(t), z(t) ]

ψ(&x(t), z(t) ) ' &ψ [x(t), z(t) ]

S(±x(t), ±z(t) ) ' S[x(t), z(t) ]

(26) 

After a change of variables using the relations given by Equations (C-2) and (C-10) in
Appendix C, the double integration in Equation (24) is reduced to a single integral. In addition,
the rms amplitudes of the random Fourier increments dÂ(t) and dB̂(t) are related directly to the
spectral density function random field [see Shinozuka (1972, 1987) and Parra et al. (1999a)] ,
which is equal to the inverse Fourier transform of the covariance function (Wiener-Khinchine and
Leperra - see Reif, 1965). Denoting S(x(t), z(t)) as the spectral density function, we have the
Fourier increments given by

dÂ(x(t),z (t) ) ' S(x(t),z(t) )dt e jn(x(t), z(t))

dB̂ (x(t), z(t) ) ' S(x(t),z (t) )dt [ρNe jn (x(t), z(t) ) % 1 & ρN2e jψ (x(t),z(t)) ] .
(25a)

Thus, the final representation of Equation (24) is given by

AN (x,z) ' π I
4

&4
S (x(t),z(t) dt e jn ( x (t), z (t) )e j kpxN t

(25b)

and

BN(x,z) ' π ρN I
4

&4
S( x(t),z (t) )d t e jn (x(t),z(t) )e jkpxNt

% 1 & ρN2 I
4

&4
S(x(t),z (t) )d t e jψ (x(t), z(t))e jkpxNt

where ρN is the cross-correlation between A and B (often zero), t is the variable of integration
S(x(t), z(t)) is the spectral density function (discussed below), and φ(x(t), z(t)) and ψ(x(t), z(t)) are
uniformly random phase angles between 0 and 2π. This derivation requires that the spectral
density S(x(t), z(t)) be an even function of t.

The material properties must be real (not imaginary) quantities. This causes some
symmetry requirements in the equations, namely:
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ux(x, z,ω) ' u0x(x, z,ω) [1%UxN(x, z,ω) ]

uz(x, z,ω) ' u0z(x, z,ω) [1%UzN(x, z,ω) ]
(27)

S(x(t), z(t)) ' AkNαe
&

1
2

kN2
(28) 

Using these equations, we can calculate a set of random material properties. The
procedure is to find many random phase angles, (numerically) calculate the integrals in
Equation (25b), and insert the result into Equation (24). We do these calculations at each position
(x,z). The integration variable (t) must sample and span the spectral density function sufficiently.
This is discussed below in more detail.

Wave field
To calculate the frequency response of the random medium over a uniformly sampled

frequency range at a small number of specified positions, we express the vector wave
displacement components as follows, 

where u0x(x,z,ω) and u0z(x,z,ω) are the deterministic responses, which may optionally contain the
mean propagation phase, and UxN(x,z,ω) and UzN(x,z,ω) are the random field contributions, which
were derived using a stochastic perturbation-theory solution of the wave equation.

The vector field components of the random field in terms of the density function and the
random phases can be obtained directly using Equations (21a) and (22a). This requires only one
integration in t. The rms amplitude of the random increments  are related directlydÂ(t) and dB̂(t)
to the spectral density function random field as addressed by Equation (25a). In these
relationships,

 are random phase angles of material properties A and B, which aren(x(t), z(t) ) and ψ( x(t), z(t))
distributed in [0, 2π] for any value of the functions x(t) and z(t). These functions are given in
Equations (B-9).

Spectral density function
The spectral density function S(x(t), z(t)) has a significant effect on the result. So far, we

have used three classes of spectral density function: a Gaussian class, a Gauss-Markov class, and
a spectral density function from Müller et al., 1992. The requirements of a spectral density
function are that its integral over k-space must be one and its mean must be zero (an even
function). All classes use fluctuation lengths Lx and Lz to characterize the medium.
       The Gaussian form of spectral density function is given by

where kN2=(x(t)Lx)2+(z(t)Lz)2 is a normalized magnitude in k-space. The parameter α can take on
a value of 0, ½, 1, or 2. For each of these values, we have a different normalization constant A,



13

S(x(t), z(t)) ' AkNα [1 % kN2 ]&2 (29) 

S(x(t), z(t)) '
LxLz

2π
[1%kN2]&3/2 %

3
2

kN2&1

[1%kN2]7/2
(30)

as shown in Table 1.  We have found that the α=2 case is probably the best choice. The Gauss-
Markov form of spectral density function is given by

The parameter α can take on a value of 0, ½, or 1. For each of these values, we have a different
normalization constant A, as shown in Table 2.
Muller’s (1992) spectral density function is given by

Its major feature is that it decreases very slowly with increasing k.

Choice of Modeling Input Parameters
The wave fields are obtained by integrating over by  taking one-dimensional Fourier

transforms. We approximate the transform using a complex one-dimensional FFT. This means
we must ensure that the range of t is large enough so the integrand is zero beyond that point.
Furthermore, we must ensure the resolution of t, namely ∆t, is small enough to sample accurately
the variations in the integrand. We consider the variation in the magnitude of the integrand to be
largely due to the spectral density function. The resolution and range of t must be sufficient. Most
of the important variation is in the spectral density function, several forms of which are illustrated.
Because we are using an FFT, the resolution and range of t is tied directly to the spatial
parameters and the fluctuation length.

RESULTS

To test the numerical concepts, we construct a model by assuming that seismic energy is
propagating between two vertical boreholes. For this purpose a plane-wave propagates in the x-
direction perpendicular to the receiver borehole. The plane-wave propagates with a compressional
wave velocity of 4000 m/s in a medium characterized by an S-wave velocity of 2000 m/s and a
bulk density of 2.65 g/cm 3 . Also, the medium is characterized by intrinsic quality factors Qp =
100 and Qs = 50. To represent a random heterogenous medium we sample the half-space using
a grid of 64 by 256 points at increments of 5 m. In addition, we use the correlation lengths of Lx
= 20 m and Lz = 10 m, and a Gaussian spectral density function given by Equation 28. Since we
are using the perturbation theory, we assume the standard deviations and the logarithm of the
stiffness to be σ A = σ B = 0.1. The value of  σ A corresponds to the stiffness of λ + 2µ, and σ B
corresponds to the rigidity µ.

Figures 1a-c show three replicates of the random P-wave velocity. These are plots of the
2D random representation of the subsurface assuming a Gaussian distribution and the above
correlation lengths. The random velocity images show heterogeneities that vary in the range of
3300 to 5225 m/s. This range is within 3 σA of the random velocity distribution of the simulations.
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This means that more than 99 percent of the random velocities are within plus or minus three
standard deviations from the mean, and approximately 95 percent of all the heterogeneities are
included in the interval lying within +2 to -2 standard deviations.

For a plane-wave propagating in the random heterogeneous medium, we simulate random
displacement wave fields by applying a source pulse function having a center frequency of 75 Hz.
The uncorrelated x-and z-component random fields are given in Figures 2a-c and 3a-c,
respectively. The detector borehole is 200 m from the origin.

In general, the random wave field seismograms show several events associated with the
structural distribution of heterogeneities, which can be explained by comparing the images given
in Figures 1a-c with the corresponding random field seismograms. Since the correlation length
in the horizontal direction is twice the correlation length in the vertical direction, the horizontal
component seismogram is  less affected by the presence of the small heterogenities. On the other
hand, the vertical component seismograms are more sensitive to the small statistical
heterogeneities of the medium. This can be observed by wave dispersion or waveform
broadening, which is simulated at different detector positions in the vertical random field
component seismograms. The large scatterers observed in the 2D random velocity distribution
produce strong reflections that can be better identified in the horizontal component seismograms.

To evaluate the simulations, tests are performed by comparing the synthetic seismogram
for each replicate. For example, we expect that the amplitude of horizontal component waveforms
will be greater than the amplitude of vertical component waveforms. By comparing Figures 2a
and 3a, Figures 2b and 3b, and Figures 2c and 3c, it is observed that the amplitudes of the
horizontal component seismograms are about two times greater than those of the vertical
component seismograms. Although the direct events in both wave field components should arrive
at the same time, in some traces it appears that the events of the horizontal random wave field
arrive a bit earlier than those of the vertical random wave field. This occurs because the small
scatterers associated with correlation lengths of Lz = 10 m are captured by vertical component
detectors, creating dispersive and attenuated seismic signatures. Thus, the first parts of the vertical
component waveforms are more attenuated and the overall signatures are dispersive. 

To further test the stochastic modeling approach, we compare the random velocity images
with their corresponding seismic responses. In Figure 2a, the horizontal component seismogram
shows a decrease in amplitude of the waveform at the receiver position of 180 m. Here it appears
that there is a departure of two reflections, one event in the region from 0-180 m, and a second
event in the region from 180-280 m. This signature is typical of a low-velocity zone in zero-
vertical offset crosswell seismic profiles (see Parra et al., 1996). In fact, the corresponding
velocity image of Figure 1a shows a light green zone of about 4125 m/s between155m and 180
m, which is surrounded by several heterogeneities of dark green and blue colors in the range of
4400 m/s to 4950 m/s. The same signature is observed in the vertical component seismogram
(Figure 3a), which correlates with the low-velocity zone in the region from 160-180 m in Figure
1a, and observed again at a detector depth of 420 m in Figure 2a.  In Figure 1a, at 420 m, a
velocity contrast is observed between the heterogeneities in blue/dark green and light
green/yellow.  Figures 1b and 1c compare similarly with the corresponding seismograms. Both
sets of seismograms show signature characteristics of low-velocity zones. For example, Figure
2b shows a low-velocity zone signature that correlates with the light green zone at 160 m in
Figure 2a. An interesting event that arrives early is observed between depths of 120 to 240 m in
Figure 3b. The event is probably a group of head waves traveling at the velocity of the dark
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green/blue heterogeneities.  These events are also observed in Figure 3c, at detector depths of
160-220 m, where there is a large heterogeneity in the corresponding image in Figure 1c (replicate
3) that extends 150 m in the x direction.

Head waves are observed in the vertical component responses because the high-velocity
elongated structure zones in which head waves propagate generate particle motion that can be
captured by vertical detectors. The vertical detectors are more sensitive to horizontal boundaries
than are the horizontal detectors, and as a result head waves traveling faster in the elongated high-
velocity structure can be observed better in vertical component seismograms (see Parra, 1996).
These types of signatures have been observed in zero-vertical offset seismograms at the Gypsy
test site (Parra et al., 1996). 

CONCLUSIONS AND DISCUSSIONS

This paper successfully demonstrates that the random Fourier-Stieltjes representation is
a practical approach to solving the inhomogeneous elastic wave equation. The theory
demonstrates that is possible to obtain exact solutions of the elastic wave equation in terms of
random elastic properties of the medium distributed in the horizontal (x) and vertical (z)
directions. New theoretical development is implemented by reducing the double integral Fourier-
Stieltjes representation to a single integral. As a result, a tractable form of the solution is derived
for numerical applications.

The results of this work demonstrate that the solution can be used to simulate 2D random
heterogeneous media based on the standard deviations of the elastic properties and the density
function.  Also, this paper demonstrates that realistic random synthetic seismograms can be
produced using the solution. The synthetic seismograms  indicate a decrease in wave amplitude
and wave dispersion caused by elastic scattering based on the representation of the statistical
heterogeneous medium. The wave broadening effect is clearly observed in the vertical wave field
component seismograms. The large scatterers produce strong reflections observed in the random
horizontal wave field seismograms. Similar signatures have been observed in crosswell data
recorded at the Gypsy test site in Oklahoma.

The 2D random property images (based on the standard deviation of the rock physical
properties) span a large number  of heterogeneities varying from a few centimeters to several
meters (about four orders of magnitude). This precludes the direct use of finite difference (FD)
techniques to calculate the seismic response of 2D random property images. However, 2D random
property images can be converted to simple structures using the appropriated processing
algorithm. Thus, the new structures can  be handled  by an FD code to give an approximate
response of the random wavefield. Although a comparison of 2D random wavefield responses
with the corresponding responses based on FD is an important step in  verifing the 2D random
wavefield solution, it requires substantial effort to implement an algorithm to produce the
geometry to run the FD code, without losing the random characteristics of the model. We believe
that development of this algorithm is a subject for a new paper, in which the algorithm is used not
only to verify the 2D random wavefield solution but to study seismic responses based on 2D-
random generated models with geological constraints (e.g., formation boundaries) as well. This
can  be a feasible approach as long as the FD code can handle small and large heterogeneities in
the same model.   
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APPENDIX A

Fourier Space-Green’s Function Solution and Spectral Representation of the
Random Log-Coefficients 

In this section we introduce the 2D random Fourier-Stieltjes representation defined by (see
Parra, et al., 1999):

for a random medium having material properties in the x and z directions. The increments of
displacement in terms of random increments  in the wave number domain (kx, kz)df̂ (kx, kz)
associated with each material property required to apply Fourier transform to the linear system
of partial differential equations given by Equations (14) and (18). Thus, the transformation of
these equations  in the wave number domain kx and kz. are given by 

‹( dûA ' d f̂A
(A-2)

and ‹( dûB ' d f̂B ,

where
(A-2a)dûA ' [ du (x)

A , du (z)
A ]T

dûB ' [ du (x)
B , du (z)

B ]T
(A-2b)

(A-2c)df̂A ' [ d f̂ (x)
A , d f̂ (z)

A ]T

and . (A-2d)df̂B ' [ df (x)
B , df̂ (z)

B ]T

The operator ‹* in the wave number kx, kz is given by
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The solution of the linear system of equations given by Equation (A-2) can be expressed as

dûA ' G(kx, kz) df̂A

and (A-4)dûB ' G ( kx, kz ) df̂B ,

where the coefficients of the matrix G(kx, kz) are given by

in which , (A-6)Det ‹( ' αGµG( k 2
x % k 2

z & k 2
p ) ( k 2

x % k 2
z & k 2

s )

and (A-6a)k 2
p '

ω2ρG

αG

; k 2
s '

ω2ρG

µG

.

The next step in the theoretical analysis is to determine expressions for the Fourier-Stieltjes
(FS) increments , and , in terms of the random material properties. For this,df̂A ( kx, kz ) df̂B ( kx, kz )
we define the following quantities:

C : the random F-S increment of zero-mean stationary field AN(x, z);dÂ( kx, kz )

C : the random Fourier-Stieltjes increment of the zero-mean stationary field BN(x,dB̂ (kx, kz)
z).

Next, applying the theorem (Parra et al., 1999a)
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(A-8)

where  is a zero-mean Gaussian random field, the increments of  yields theâ df̂A and df̂B
following expressions:
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dûx
dûz
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dŝz ' uo(ω) k 2
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APPENDIX B

First-Order Stochastic Vector Wave field

The random parts of the vector displacement components in terms of the coefficients of
the Green’s tensor are given by

where (B-2)
dŝx ' σAdf̂ (x)

A % σB d̂f (x)
B

dŝz ' σAdf̂ (z)
A % σBdf̂ (z)

B .

The next step is to replace the increments  (given in Appendix A) into Equation (B-2)df̂
to yield the source terms as a function of the material property increments :dÂ and dB̂

and

The displacement increments are given explicitly after we substitute the coefficients of the
Greens’ tensor and the source functions given in Equations (A-5), and (A-8) into Equation (B-1).
The displacement random increments in the wavenumber domain gives the random wave fields
using the inverse Fourier-Stieltjes representation:
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(B-6a)

where

and

In Equation (B-4b) ko has been replaced by kp.  The increment duz (kx, kz, ω) can be derived
directly from the increment dux(kx, kz, ω) by substituting  kx 6 kz , kz 6 kx, kox 6 koz, and koz 6 kox
in Equation (B-4b).

The random wave field equations are expressed in terms of a stable Fourier-Stieltjes
representation, which are reduced to single integrals by removing the singularities. This new
representation for the integrals in Equations (B-4b) and (B-5), are given in Appendix A.
Therefore, the final form of these integrals are used to construct the random wave field
displacements ux and uz expressed in terms of single integrals that are appropriate for calculations.
Thus, the random wave field are given by

where
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dÂ(xp (t), zp (t))
(B-6b)
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In a similar manner we can express the random wave field for the vertical particle displacement
uz:

where xN = x cos θ - z sin θ

zN = z cos θ + x sin θ,
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After inspecting Equations (B-6a)-(B-6d) and Equations (B-7a)-(B-7d), we reduce these equations
further in a more practical form for computations. These equations in their new form are given
by
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1 (t) ' G1 (t) dÂ(xp(t), zp(t) )
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Finally, we write the random wave field vector directly in terms of the dÂ and dB̂ increments for
numerical calculations

ux (x, z,ω) ' π jσAk 2
p I

4

&4
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where
xp (t) ' kp [ (1%a) sinθ% tcosθ ]

zp (t) ' kp [ (1%a) cosθ& tcosθ ]

xs (t) ' kp
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%b sinθ% tcosθ
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vp
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%b cosθ& tsinθ .

In order to generate wave field responses with the above integral solution we express the Fourier
increments dÂ and d  in terms of the spectral density function (S) following the method ofB̂
Shinozuka (1972).
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APPENDIX C

Solution of Integrals I and J of the Random Wave Field

In order to develop the integrals given in Equations (B-4b) and (B-5), we express these equations
in term of the integrals I and J.   The integral I is formed by the first term of the integrand given
by Equation (B-4b) and represents the contribution of the random material property A to the wave
field. The integral J is formed by the second term of Equation (B-4b) and corresponds to the
contribution of the random material property B to the wave field.

General form of  I

where kox= kp sin θ and koz = kp cos θ.  If we introduce the variables

kx = kNx cos θ + kNz sin θ
(C-2)

and kz = kNz cos θ - kNx sin θ ,

the integral I becomes

where xN = x cos θ - z sin θ
(C-4)

zN = z cos θ + x sin θ.

In Equation (C-4), xN is the distance of propagation in the direction transverse to the plane wave
and zN is the distance of propagation in the direction of the plane wave.

In Equation (C-3) two poles are observed.  There is one pole in the first quadrant of the complex
kNz-plane, given by
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kNz ' & jγ ' & ( k 2
p & kN2

x )1/2

I1 ' 2πj Residue ' π I
4

&4

kNxcosθ % jγsinθ
γ

e jkNxzN

x dÂ { [ (kp % jγ ) sinθ % kxNcosθ ]; [ (kp % jγ ) cosθ & kxNsinθ ] } (C-6)

I2 ' &2πj Residue ' π I
4

&4

kNxcosθ & jγsinθ
γ

e jkNxzN

x dÂ { [( kp & jγ ) sinθ % kxNcosθ ]; [ ( kp % jγ) cosθ & kxNsinθ ] } . (C-7)

and a second pole in the third quadrant of the kNz-plane is defined by 

In both cases, we find that the Re (γ) is positive, and Im (γ) is negative.  The integral (C-3) can
be evaluated using the residue theorem.  For zN > 0, the factor exp(jkNzzN) suppresses the integrand
in (C-3), if it is taken around a sufficiently large semicircle in the upper half-plane.  Adding this
semicircle to the integration path along the real axis, we have a closed path going in the positive
direction around a pole at kNz = jγ in the first quadrant, such that

; for zN > 0.

The next pole is defined by kNz = -jγ and zN < 0.  Thus, we obtained a second integral

Summarizing these results, we construct a solution that can be appropriate to simulate random
wave fields.  This requires to have a solution that must converge for large zN, so we choose the

 exponent to be exp(-γ | zN| ).  Since , and the function jγ ' k 2
p & kN2

x

 is equal dÂ (0,0)dÂ [ ( kp & k 2
p & kN2

x ) sinθ % kNxcosθ; ( kp & k 2
p & kN2

x ) cosθ & kNxsinθ ]

for kNx = 0, and the same function is finite and analytical for kNx = ±kp, the integrals I1 and I2 can
be 

used to calculate the integral I in the range (-4, 4).  The final integral can be written as



C-3

I ' π I
4

&4
dĜ (kNx, kp, θ ) e jkNxxN e & kN2

x & k̃ 2
p |zN | (C-8)

dĜ /

kNx cosθ & k 2
p & kN2

xsinθ

kN2
x & k̃ 2

p

dÂ[ (kp & k 2
p & kN2

x )sinθ % kNx cosθ ;

(kp & k 2
p & kN2

xN )cosθ & kNxsinθ ] ;

for kNx # |kp |

kNx cosθ % | kN2
x & k 2

p | sinθ

kN2
x & k̃ 2

p

dÂ[ (kp & k 2
p & kN2

x )sinθ % kNx cosθ ;

(kp & k 2
p & kN2

xN )cosθ & kNxsinθ ] ;

for kNx $ | kp |

I ' π I
4

&4
dG(t) e j(kpxN)t (C-9)

where

in which .k̃p ' ( 1 &
j

2Qp
)

The next step is to replace kNx ' kpt

where



C-4

dG(t) '
tsinθ % asinθ

t 2 & (1 &
j

2Qp
)2

e
&kp |zN | t 2 & (1 &

j
2Qp

)2

dÂ ( x(t), z(t) ) ,
(C-10)

J ' I
4

&4
I kz

k 2
s & 2k 2

x

k 2
x % k 2

z & k 2
s

%
2k 2

x

k 2
x % k 2

z & k 2
p

e j(kxx % kzz) dB̂( k² % k²o) (C-12)

J1 ' m
4

&4
m

kz(k
2
s & 2k 2

x )

k 2
x % k 2

z & k 2
s

e j(kxx % kkzz) dB̂( k² % k²o) (C-13)

J2 ' I
4

&4
I

2kzk
2
x

k 2
x % k 2

z & k 2
p

e j(kxx % kzz) dB̂( k² % k² o) . (C-14)

in which
a ' &sign (1 & t 2) | 1 & t 2|

(C-11)x(t) ' kp [ ( 1 % a) sinθ % tcosθ ]

z(t) ' kp [ ( 1 % a) cosθ & tsinθ ]

and .kp '
ω
vp

The rms amplitude of the random Fourier increment dÂ(t) represents the spectral content of
fluctuations of I(xN) in the range (t, t + dt).

General form of J

where dB̂ ( k² % k²o) / dB̂ ( kox % kx; koz % kz )

and kox ' kpsinθ and koz ' kpcosθ .

This integral is formed by two integrals

and



C-5

J1 ' π I
4

&4
dG1 (kNx, kp, θ ) e jkNxxN e & |zN | kN2

x & k̃ 2
p

kN2
x & k̃ 2

s

(C-15)

dG1 /

(& kNxsinθ & k 2
s & kN2

x cosθ ) ( k 2
s & 2 (kNxcosθ & k 2

s & kN2
x sinθ )2 )

x dB̂ ( ks & k 2
s & kN2

x ) sinθ % kNxcosθ ;

( ks & k 2
s & kN2

x ) cosθ & kNxsinθ ; for kNx # |ks |

(& kNxsinθ % k 2
s & kN2

x cosθ ) ( k 2
s & 2 (kNxcosθ & k 2

s & kN2
x sinθ )2 )

x dB̂ ( ks % k 2
s & kN2

x ) sinθ % kNxcosθ ;

(& kNxsinθ % k 2
s & kN2

x cosθ ) & kNxsinθ ; for kNx $ |ks |

J2 ' π I
4

&4
dG2 (kNx, kp, θ ) e jkNxxN e & |zN | kN2

x & k̃ 2
p

kN2
x & k̃ 2

s

(C-16)

The integrals J1 and J2 can be converted to single integrals by following the same procedure as
that applied to obtain integral I.  We first make the transformation that expresses the integrals in
terms of the angle of incidence θ, then we transform the integrals in terms of the parameter t.  This
will be the final stage of integrals to determine the vector wave field.  Following this procedure
the integrals are given first by

and

where



C-6

dG2 /

2 (& kNxsinθ & k 2
s & kN2

x cosθ ) ( k 2
s & 2 (kNxcosθ & k 2

s & kN2
x sinθ )2 )

x dB̂{ ( ks & k 2
s & kN2

x ) sinθ % kNxcosθ ;

( ks & k 2
s & kN2

x ) cosθ & kNxsinθ ; for kNx # |ks |

2 (& kNxsinθ % k 2
s & kN2

x cosθ ) ( k 2
s & 2 (kNxcosθ & k 2

s & kN2
x sinθ )2 )

x dB̂ ( ks % k 2
s & kN2

x ) sinθ % kNxcosθ ;

(& kNxsinθ % k 2
s & kN2

x cosθ ) & kNxsinθ } ; for kNx $ | ks |

J1 ' π I
4

&4
dG1 ( t ) e jkpxNt (C-17)

dG1 ( t ) ' k 2p

(&tsinθ % bcosθ ) [
v 2

p

v 2
s

( tcosθ % bsinθ )2 ]

t 2 &
v 2

p

v 2
s

(1 &
j

2Qs
)2

e
&kp|zN| t 2

&
v 2

p

v 2
s

(1 &
j

2Qs
)2

x dB̂ ( x(t), z(t))

Once the integrals J1 and J2 are constructed in terms of the angle of incidence θ, they can be
expressed in a more compact form as integral I, given by Equations (C-10) and (C-12).  These
integrals written in a compact form are given by, for J1:

where

in which



C-7

J2 ' π I
4

&4
dG2(t) e jkpxNt

dG2(t) ' 2
(&tsinθ % acosθ) (tcosθ % asinθ)2 k 2

p

t 2 & (1 &
j

2Qp
)2

e
&kp|zN| t 2 & (1 &

j
2Qp

)2

x dB̂ x(t), z (t) ,

x(t) ' kp [ (
vp

vs

% b) sinθ % tcosθ ]

z(t) ' kp[ (
vp

vs

% b) cosθ & tsinθ ]

where b ' &sign (
v 2

p

v 2
s

& t 2 ) |
v 2

p

v 2
s

& t 2 |

The next integral J is given by

where

in which
a ' &sign(2 & t 2) |1 & t 2|

x(t) ' kp [ (1 % a)sinθ % tcosθ ]

and .z(t) ' kp ( (1 % a) cosθ & tsinθ ]



Figure 1. A 2D imaging of the random P-wave velocity distribution between two boreholes
represented by a random medium  for a) Replicate 1, b) Replicate 2, and c) Replicate 3.



Figure 2. The random vertical wave field component seismogram based on a source function
having a center frequency of 75 Hz for a) Replicate 1, b) Replicate 2 , and 3) Replicate 3.



Figure 3. The random horizontal wave field component seismogram based on a source function
having a center frequency of 75 Hz for a) Replicate 1, b) Replicate 2 , and 3) Replicate 3.



Table 1: Normalization Constant for
Gaussian Spectral Density

α A

0 LxLz

2π

1
2

LxLz

2π
1

21/4 (1/4)!
. 0.14765LxLz

1 LxLz

2π
2
π

2 LxLz

4π

Table 2: Normalization Constant
for Gauss-Markov Spectral Density

α A

0 2
LxLz

2π

1
2

8

π 2

LxLz

2π

1 4
π

LxLz

2π


