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ABSTRACT: In order to assess the strength, integrity and stability of a fractured underground ex-
cavation subjected to seismic and blast waves, a dynamic analysis of the displacement and stress 
fields around the excavation is carried out using a boundary integral equation (BIE) approach with a 
slip model of fracture. This paper outlines the approach and presents results of preliminary paramet-
ric studies. The results indicate that an intersecting fracture redistributes and usually amplifies the 
stress along and around the surface of the cavity. For certain combinations of the parameters, the 
stress amplification and complication can be very significant. It is found that the strongest stress 
concentration and deformation do not occur when the traction on the fracture is free but occur when 
the frequency dependent normalized slip stiffness parameters are of moderate values. 
 
 
1. INTRODUCTION 
 

An underground excavation such as tunnel, 
mine opening or permanent geological reposi-
tory for nuclear wastes in a rock mass has to 
deal with the presence of prominent joints or 
joint sets or faults. The strength, integrity and 
stability of the excavation depend significantly 
on the characteristics of the fracture pattern as 
well as its strength and stiffness properties. In 
particular, the response of an excavation sub-
jected to dynamic events such as earthquakes, 
underground explosions, blasts, or rock bursts 
can be critically controlled by nearby fractures 
in the rock.  The dynamic interaction between 
the cavity wall and fractures will cause in-
creased displacements and stresses in the rock in 
a complex manner. Thus, a thorough under-
standing of the dynamic response of fractures 
intersecting the excavation to incoming waves at 
various frequency ranges is important for the 
excavation’s safety, including preventing rock 
falls and keeping the excavation stable and us-
able. 

The dynamic response of cavities (e. g. 
Achenbach et al., 1984) and fractures (e. g. Yi et 
al., 1998) has been studied extensively but sepa-
rately in seismic literature. To the author’s best 
knowledge, no quality models currently exist to 
predict the dynamic response of an excavation 
in a fractured host medium to an incoming blast 
or seismic wave. The static analysis of the com-
bined response of fractured tunnels has already 
been reported in the literature (Gupta, 1994). 
However, the reduction of the stiffness and in-
tegrity of the excavation due to fractures is far 
more significant under dynamic loads than static 
loads. In addition, upon certain incident waves, 
the cavity acts as a waveguide, either longitudi-
nally or circumferentially, or both (Nagy et al., 
1994). It should be noted that guided waves are 
usually stronger and less attenuated than bulk 
waves. The presence of a longitudinal fracture 
plays an important role in the properties of the 
guided waves, especially in the circumferential 
direction.  

In this study, we implemented a computa-
tional method to predict the dynamic response 
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of excavations in longitudinally fractured rock 
mass to seismic and blast waves.  The fracture is 
represented by a widely used slip model, which 
has been extensively analyzed and verified by 
experiments in the literature (Schoenberg, 1980; 
Schoenberg & Sayers, 1995; Pyrak-Nolte & 
Cook, 1987; Pyrak-Nolte et al., 1990, 1993). 
Displacements and stresses along and around 
the surfaces of the fracture and cavity were pre-
dicted in terms of the material properties of the 
rock, tunnel shape, fracture stiffness, fracture 
orientation, frequency and angle of the incident 
wave. Interesting simulation results were ob-
tained. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1  Geometry of a fractured tunnel impinged by a 
plane wave. 
 

 
2.  STATEMENT OF THE PROBLEM 
 
Consider an excavation (Fig. 1) with an infinite 
extent in y and a constant cross section in the xz 
plane, embedded in an unbounded elastic me-
dium. The interior of the excavation is filled 
with air. The host medium is uniform and iso-
tropic except for a fracture or fractures inter-
secting the tunnel. The fracture is filled with 
fluid (air or water), and has infinite extent in y 
and x. The dynamic excitation is assumed to be 
a plane wave in the form of exp[i ω(x cosθx +y 
cosθy + z cosθz )/V - iωt], where V is the wave 
speed (P or S), θx ,θy and θz are the angle of the 
incident ray with x, y, z axes, respectively. It is 
also assumed that the y dependence factor of 
exp(iωy cosθy/V) can be separated from the x, z 

dependence in all field quantities. As a result, 
the original problem is reduced to two dimen-
sional, P-SV and SH problems. This paper con-
siders the P-SV case only. 
 
 
3.  THE BIE METHOD 

 
We have adopted a boundary integration equa-
tion approach.  In the BIE method, only the 
boundaries of the cross section of the excavation 
and the fracture are discretized. Although the 
resulting matrix is not banded or symmetric, its 
size is several orders of magnitude smaller than 
that in the finite element method (FEM). An-
other advantage of the BIE method is its effi-
ciency in solving problems involving a larger 
number of source-detector configurations. In 
this case, the total computational cost is merely 
slightly higher than that for a single source-
detector pair. Furthermore, in the BIE model, 
the host medium surrounding the excavation and 
fracture is unbounded. Therefore radiation con-
ditions at infinity are automatically satisfied, in 
contrast to the artificial radiation conditions im-
posed in the finite difference method (FDM) 
and FEM. Finally, certain frequency dependent 
properties, such as viscoelasticity, poroelasticity 
and permeability are of interest. FDM is incapa-
ble or inefficient in these aspects. 

The standard form of BIE can be found in 
Bonnet (1995). In our model, the surface of the 
excavation is traction free. If we further assume 
that the surface of the fracture is also free, then 
the BIE, after discretization, can be reduced to 
linear equations of the form 
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where [I] is the unit matrix, [f] is the matrix form 
of the coefficients of u in the BIE, which are 
associated with the stresses of the Green’s 
functions between boundary nodes. Here we have 
used {u} and {u0} to denote the vectors 
representing the unknown nodal displacements 
and the nodal displacements in the absence of the 
tunnel, respectively. Since [f] and {u0} are given, 
the unknown displacement vector, {u}, can be 
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obtained through the use of a linear equation 
solver.  

The BIE solution gives the boundary dis-
placements directly, and the internal displace-
ments through direct numerical integration.  The 
hoop stress and stresses in the field can be ob-
tained as well in a quite straightforward manner.  

It should be noted that the slip model of frac-
ture allows stresses across the fracture. There-
fore, Eq. (1) is not valid unless appropriate 
modifications are made. The following section 
and the Appendix will address this issue. 
 
 
4.  THE SLIP MODEL OF THE FRACTURE 
 
This slip model in this study follows the work of 
Schoenberg (1980), where an infinite planar 
fracture is considered as an interface with the 
following boundary conditions 
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where + and – denote opposite sides of the frac-
ture interface, σ is stress, u is displacement, and 
subscripts n and s denote normal and shear di-
rections respectively. These conditions corre-
spond to continuity of normal and shear stress 
across the interface, and discontinuity of dis-
placement across the interface. The parameters 
Kn and Ks are the normal and shear stiffnesses of 
the fracture, respectively.    

When applying the slip model to BIE, there 
are two major considerations. It has been as-
sumed that the fracture’s thickness is negligible. 
Therefore, we must first avoid the singularity of 
the Green’s functions and associated stresses, 
which form the coefficients of the BIE.  Further, 
we should be able to express the unknown 
stresses at the interface nodes in terms of their 
displacements and reduce the number of un-
knowns along the interface to its ½.  

Figure 2 shows the concept of the slip model 
used in our BIE approach. Boundary nodes are 
placed apart on the two sides of the slip line. 
Each pair of opposite nodes is interconnected by 

a spring to support tension and shear forces.  
The basic unknowns at the nodes are the nodal 
displacements only, similar to the traction free 
nodes.  The stress across the interface is propor-
tional to the strain between the opposite nodes. 
The normal or shear stiffness of the spring, K1 
or K2, is dependent upon: i) the stiffness of the 
elastic solid within the distance between adja-
cent nodes, (λ+2µ)/h or µ/h; and ii) the stiffness 
of the slip interface, Kn or Ks, such that  
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Figure 2  A slip model for the boundary integral equa-
tion method. 
 
 

Detailed analysis of this model and its im-
plementation in our BIE approach is given in the 
Appendix. The result of the analysis leads the 
discretized BIE to Eq. (A5), which is similar to 
Eq. (1), but with an additional term in the left 
hand matrix, accounting for the stresses between 
opposite interfacial nodes. The analysis consid-
ers two opposite nodes only. We have extended 
Eq. (A5) to the entire interface and ignored the 
interactions between non-opposite nodes. 

 We would like to point out that when h is 
small compared to the wavelength and dimen-
sion of the tunnel, the influence of its variation 
on the result is negligible.   

h
Slip interface stiffness=Kn

Combined stiffness 
between A and B

λ +2 µ
h

Net layer stiffness
=(λ +2 µ)/h

+
1
Kn

=
1

B

A

Host medium



 4 

In the results presented below, we have in-
troduced the normalized slip stiffness, κn and κs, 
as follows 
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where λ and µ are the elastic constants of the 
host medium, and l is the wavelength. Clearly, 
when κn and κs are infinity, the interface be-
comes rigid and the medium is uniform; when 
κn and κs vanish, the interface is replaced by two 
traction free, separate surfaces. 
 
 
5.  NUMERICAL RESULTS 
 
The numerical results are focused on the effect 
of frequency dependent normalized slip stiff-
nesses, κn and κs, on the dynamic response of a 
dome shaped cavity with a slip type fracture, in 
comparison with one with no fracture, and one 
with a surface traction free fracture.   

Our algorithm is not limited to any ranges of 
frequency and is therefore can be used to study 
the response of an excavation to waves in seis-
mic, blast, rock burst and other excitations. For 
illustration purposes, the example below as-
sumes that the frequency of the incoming wave 
is 0.25 kHz. The P wave and S wave speeds in 
the host medium are 1.175 km/sec and 1 km/sec, 
respectively. The mass density is 1 gm/cm3. The 
height and the width of the dome are 5 m and 3 
m, respectively. A horizontal fracture is inter-
secting the cavity at a height of 3 m. The dis-
tance between opposite nodes along the fracture 
interface, h, is 0.25 m. Normalized slip stiffness 
κn and κs range from 0 to ∞. In all cases, we as-
sume that κn=κs. The hoop stress has been nor-
malized to the amplitude of the maximum stress 
of the incident wave. In plots of boundary hoop 
stress, the baseline represents both the physical 
boundary of the cavity and the numeric position 
of zero stress, while outward and inward por-
tions of the curves denote tensile and compres-
sion stresses, respectively. 

Figures. 3 and 4 show the hoop stress on the 
boundary of the cavity.  When the P wave inci-
dence is normal (Fig. 3), the degree of stress 

concentration is increased roughly in the follow-
ing order: κn, κs = ∞, 2, 0, 6, 400, 200, 16.  In 
Figure 4, the incidence angle is 45o from below, 
and the above order is slightly modified as κn, κs 
= ∞, 0, 2, 400, 200, 6, 16. Note that some of 
these curves are not shown in Figures. 3 and 4 
due to limited space. 

 
Next, we study the effect of the normalized 

slip stiffness on the stress distribution in the sur-
rounding area of the cavity. Figures. 5-7 show 
the quiver (vector field) plots of real part of the 
principal stresses for three cases: i) no fracture; 
ii) traction free fracture; and iii) a fracture with 
κn=κs=6. It can be seen that the stress field for a 
cavity with a free fracture is more drastic and 
complex than that with no fracture, and this pat-
tern is even more intensified when the slip inter-
face has a moderate value of the normalized lip 
stiffnesses, especially near the fracture. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
Figure 3  Hoop stress due to an upgoing P wave for vari-
ous values of normalized slip stiffness. 
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Figure 4  Hoop stress due to a 45o P wave for various val-
ues of normalized slip stiffness.  
 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
Figure 5  Principal stresses surrounding a tunnel with no 
fracture. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
Figure 6  Principal stresses surrounding a tunnel with a 
free fracture 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
Figure 7  Principal stresses surrounding a tunnel with a 
slip interface  
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6.  CONCLUSIONS 
 
A BIE technique is developed to include the slip 
model of fracture and study the dynamic re-
sponse of a fractured underground excavation to 
incoming waves. A robust computer algorithm 
based on this technique has been implemented 
and tested. This algorithm predicts displacement 
and stress fields for typical shapes of excava-
tions, arbitrarily oriented fracture(s) with any 
value of slip stiffness, for a wide range of fre-
quencies.  

Preliminary parametric studies show that an 
intersecting fracture re-distributes and usually 
amplifies the stress along and around the surface 
of the cavity. For certain combinations of the 
above parameters, the stress amplification and 
complication can be very significant. It is found 
that the strongest stress concentration and de-
formation do not occur when the traction on the 
fracture is free but occur when the normalized 
slip stiffnesses are of a moderate value.  There-
fore, it is essential to evaluate the slip stiffnesses 
of the fracture and carry out reliable analysis of 
the behavior of the fractured excavation during 
dynamic events. In this regard, this paper pro-
vides a useful tool. 
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APPENDIX: Analysis of the slip model in BIE 
 
Let A and B be a pair of nodes, distanced by h, 
which is small compared to the wavelength, in 
an unbounded medium (Fig. 2). Then the discre-
tized BIE involves four unknowns: 
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Among the notations used in the above, su-
perscript 0 is associated with the incident field, 
upper-cased letters denote the area between the 
opposite nodes, and lower-cased letters denote 
the rest of the host medium.  For example, [g] is 
the matrix form of the coefficients of the un-
known stresses, obtained from the Green’s func-
tions regarding two distinct boundary nodes, 
and [f] is the matrix form of the coefficients of 
the unknown displacements, obtained from the 
stresses associated with these Green’s functions. 

We now insert a slip interface between A and 
B.  Let ηslip be a normalized stiffness, which is 
defined as the ratio of Kn or Ks divided by a unit 
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stiffness. For convenience, we take this unit 
stiffness as that of the host medium with a 
thickness h. Assume that 
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where uA and uB have been normalized to h and 
k is defined as 
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Consequently, Eq. (A3) yields 
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Note that the number of unknowns has been 

reduced to two, and stresses are not explicitly 
present in the expression. 
 
Let us examine two special cases. 
 
(1) Case 1 (weak slip interface) 
When ηslip is much smaller than 1, we have 
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which leads to     
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When k=0, this model is reduced to the case 
with a free surface, Eq. (1) in the main text. 
 
(2) Case 2 (strong slip interface) 
When ηslip is much greater than 1, we have 
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Define the change of rigidity due to the slip as 
follows. 
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Then after some algebra, Eq. (A7) can be writ-
ten as 
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Note that k or k’ must be sufficiently small 
to permit a reliable solution of the weak or 
strong slip model, respectively.  
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 


