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Abstract

In this paper we investigate the problem of compressional wave seismic propagation in random media. This problem is
important because almost all geologic media is spatially heterogeneous by nature, consisting of a random agglomerate of
many-sized rocks, soil and strata. In our formulation, a plane-harmonic seismic wave propagates in a medium having
random material properties in the vertical direction. The random field representation is introduced through the intrinsic rock
physical properties of the elastic medium. Each of these intrinsic properties is assumed to have a log-normal probability
density function, and the random field representation is expressed in terms of these log-normal probability density functions.
The constitutive law, the mass balance, and the moment balance equations are written in the Fourier–Stieltjes representation
using random Lame coefficients and random mass density. The stochastic wave equation is developed by introducing a´
perturbation approach based on an infinite series expansion of both random coefficients and the displacement solution in

Ž .terms of s-parameters standard deviations of the random material properties . The method yields an integral representation
of the displacement wavefield based on the Green’s function. This representation is expressed in terms of the random rock
physical properties of the medium. The key feature of this paper is that we have expressed the solution as a function of
statistical parameters of 1D random medium, including the second order moments. Contrary to most previous derivations,
the solutions can also simulate the coda and can be easily extended to simulate waves propagating in 2D and 3D random
media. To test the displacement wave solution, synthetic seismograms and dispersion due to scattering effects were
calculated for stiffness and density fluctuations of the random medium. This paper is the underlying foundation for the
development of the effective propagation vector of acoustic waves in randomly heterogeneous media. This development is
presented in a companion paper. In this case, an analytical expression is obtained using a second order perturbation solution.
The solution is obtained in terms of the standard deviations of the density and the Young’s modulus, respectively, as well as
the cross-correlation coefficient and an integral that includes the spectral density and a kernel. In addition, this paper
introduces practical expressions for the calculation of the effective attenuation and phase velocity of waves in randomly
heterogeneous media. In this companion paper the solution is applied to interpret phase velocity curves that were obtained
from interwell acoustic data recorded at Buckhorn test site, Illinois. The objective in this case is to be able to simulate the
effect of scattering and intrinsic attenuation associated with acoustic waves in randomly heterogeneous media. q 1999
Elsevier Science B.V. All rights reserved.
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1. Introduction

The inherently complex nature of geological
heterogeneities have produced an increasing in-
terest in using statistical models for describing
spatial heterogeneity, particularly in the treat-
ment of subsurface contamination, oil and gas
reservoir characterization, and seismic data pro-
cessing. In the characterization of hydrocarbon
reservoirs, seismic methods play an important
role. A reservoir formation varies in many dif-
ferent scales: from scales much larger than seis-
mic wavelengths down to scales that are much
smaller. It has been shown that the small-scale
variations can have a significant effect on the
transmitted wavefield and can give rise to ap-

Žparent attenuation and dispersion O’Doherty
.and Anstey, 1971 . In the context of subsurface

hydrology and toxic waste contamination, ex-
tensive field investigations have shown that the
hypothesis of random field heterogeneity is con-
sistent with observed spatial distribution of ma-
terial properties and with the resulting contami-
nation patterns. A comprehensive review of field
measurements, including both saturated and un-
saturated, continuous and fractured media, can

Ž .be found in Ababou 1991 .
There is extensive background on wave prop-

agation in heterogenous media, and on statisti-
cal studies of various wave propagation phe-
nomena and transport processes, in the applied
physics literature. Our survey of the literature
indicates that heterogeneous wave equations
have been treated by a variety of methods based
either on approximate multiple-scale expansions

Ž .for periodic media Santosa and Symes, 1991
or on various perturbation methods for statisti-

Ž .cal continua Hoffman, 1964; Keller, 1964 .
The statistical continuum approach has been
used to characterize effective velocity and atten-

Ž .uation Lerche and Petroy, 1986 . Seismic wave
propagation in random media in reference to
dispersion and wave attenuation due to scatter-

Ž .ers has been addressed by Korn 1993 . Several
authors have used statistical representations to
describe small scale inhomogeneities in seismo-

Žlogical studies Kerner, 1992; Ikelle et al., 1993;
.Kneib and Kerner, 1993; Roth and Korn, 1993 .

In particular, these authors have used the finite-
difference algorithm to simulate seismic wave
propagation.

In this paper, we present a fundamental anal-
ysis of wave propagation in a randomly hetero-
geneous geologic medium by treating the one-
dimensional stochastic problem in 1D space of
plane-harmonic compressional wave propaga-
tion in a medium having random material prop-
erties distributed in the vertical direction. To
demonstrate the applicability of the present so-
lution, numerical models for a medium having
random rock physical properties are formulated
to calculate synthetic seismograms and related
dispersion of scattering effects associated with
such random medium characteristics.

ŽThe paper is divided into four parts: Section
.2 formulation of the stochastic wave equation;

Ž .Section 3 development of perturbation solu-
Žtions for the 1D stochastic wave equation; Sec-

.tion 4 numerical evaluation of the stochastic
Ž .wavefields; and Section 5 numerical results.

ŽThe paper also includes two appendices: Ap-
.pendix A Fourier space–Green’s function solu-

tion using ‘‘informal’’ Fourier representations;
Ž .and Appendix B expression of the stochastic

solution in terms of random Fourier–Stieltjes
increments.

2. Formulation of the stochastic wave equa-
tion

The constitutive law, the mass balance, and
the momentum balance equations are introduced
for the development of the stress and displace-
ment solutions for random increments using the
Fourier–Stieltjes representation. The random
field representation is introduced through the
intrinsic rock physical properties of the elastic
medium. Each of these intrinsic properties is
assumed to have a log-normal probability den-
sity function, and the random field representa-
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tion is expressed in terms of the log-normal
probability density functions.

2.1. Formulation of model problemrrandom
coefficients

We assume that the constitutive law for stress
Ž . Ž .t and strain ´ is given by the classical
linear-isotropic relation with spatially variable

Ž . Ž .Lame coefficients l x and m x , both of which´
may be random variables. Thus,
constitutive law:

ts l x q2m x ´ , 1Ž . Ž . Ž .Ž .
or

tsa x ´ . 2Ž . Ž .

In addition, we assume that the density of the
Ž . Žmedium, r x , in the unconstrained equi-

.librium state, may also be randomly variable.
Therefore, the linearized momentum equation is
obtained from mass balance and momentum
balance, as follows:

Ž .mass balance density :

d r Er E rVŽ .
s q s0, 3Ž .

d t Et Ex

Eu 1
Vs and rsr x , 4Ž . Ž .0

Et 1q´

where r is mass density, u is displacement, and
V is phase velocity.

2.1.1. Momentum balance
Neglecting quadratic displacement effects

Ždue to non-equilibrium variations of density
Ž . Ž . Ž .governed by Eqs. 1 – 4 , the linearized mo-

mentum is

E2u Et
r x s , 5Ž . Ž .0 2Et Ex

Ž .where spatial variations of r x correspond to0
Žmaterial heterogeneity of density at equilib-

. Ž . Ž .rium . Inserting Eq. 2 in Eq. 5 and dropping
Ž . Ž .the zero subscript in r x fr x , gives0

E2u E Eu
r x s a x . 6Ž . Ž . Ž .2 ž /Et Ex Ex

Ž .Eq. 6 can be reduced to the solution of a plane
wave propagating in 1D random geological
medium having material heterogeneities ran-

Ž .domly distributed in the x-direction vertical .
For this solution the following rock physical
properties are considered

r x seRŽ x . , 7Ž . Ž .
and

a x se AŽ x . , 8Ž . Ž .
Ž . Ž .where R x and A x are assumed to be Gauss-

Ž .ian random fields real-valued . We adopt here
for convenience the singular set of random fields

Ž . Ž .defined by Eqs. 7 and 8 .
The mean values of the log-coefficients are

the geometric means of the coefficients them-
selves. Thus,

XR x s ln r x sRqs R x , 9aŽ . Ž . Ž . Ž .R

XA x s lna x sAqs A x , 9bŽ . Ž . Ž . Ž .A

² X: ² X:where R s0, A s0, and

RRs ln r mr se , 10aŽ .Ž .G G

AAs ln a ma se . 10bŽ .Ž .G G

2.2. Spectral representations of the random
log-coefficients

Ž . Ž .The log-coefficients R x and A x , or their
XŽ . XŽ .zero-mean fluctuations R x and A x have

Žspectral representations of the form Yaglom,
.1962; Vanmarcke, 1983

X jk x ˆR x s e d R k , 11aŽ . Ž . Ž .H
X jk x ˆA x s e d A k . 11bŽ . Ž . Ž .H
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We observe here that, for exceptionally
smooth random fields, the somewhat unfamiliar
Fourier–Stieltjes increments

ˆ ˆd R k , d A k 12aŽ . Ž . Ž .
may be replaced by the more familiar forms

˜ ˜R k dk , A k dk , 12bŽ . Ž . Ž .
˜ ˜Ž . Ž . Ž .where R k and A k are the random Fourier

component of the random fields.

2.3. Remark about normalization

Ž . Ž . XIn Eqs. 9a and 9b we have expressed R
and AX in such a way that they are normalized
Gaussian random fields with zero means and

Žunit variances. The actual variance of R and A
2 2.are s and s . Rewriting governing equa-R A

tions in terms of log-coefficients, the following
are derived.
Ø Constitutive law

Ž .Eq. 2 :
X

s A Ž x .Atsa x ´™tsa e ´ ; 13aŽ . Ž .G

Ž .Ø Mass balance density

Ž . Ž .Eqs. 3 and 4 : First, simplify by assuming
Ž . Ž .r x fr x . We then express the variable0

density as
X

s R Ž x .Rr x fr x sr e ; 13bŽ . Ž . Ž .0 G

Ø Momentum balance:

Ž .Eq. 5 :

E2u E Eu
r x s a x ,Ž . Ž .2 ž /Et Ex Ex

E2uX X
s R Ž x . 2 s A Ž x .R A´e sV e02Et

E AX
E Eu

= s q s0.Až /Ex Ex Ex
13cŽ .

1r2Ž .This result assumes that V s a rr .0 G G
Ž .Eq. 13c is the 1D stochastic wave equation

XŽ .containing the zero-mean fluctuations R x and
XŽ .A x , and their standard deviations s and s ,R A

respectively. To determine the random wave-

Ž .field, Eq. 13c is solved using a perturbation
approach.

3. Development of perturbation solutions for
the 1D stochastic wave equation

The stochastic wave equation is solved by
introducing a perturbation approach based on an
infinite series expansion of both the random
coefficients and the displacement solution in

Žterms of s-parameters standard deviations of
.random material properties . This perturbation

approach is based on the work of Ababou and
Ž .Gehlar 1990 . The method yields the first-order

approximation of the 1D particle displacement
solution for an incident plane compressional
wave in an unbounded heterogeneous medium.
The stochastic displacement wavefield is ex-
pressed in closed form in terms of the incident
deterministic plane wave and in terms of the
random material properties of the medium.

3.1. Methodology

The perturbation equations are obtained by
inserting the normalized forms of the random

Ž Ž . Ž ..coefficients Eqs. 9a and 9b into the govern-
Ž Ž ..ing momentum equation Eq. 5 , and expand-

ing the result in terms of the s-parameters
Ž .s sstandard deviation of ln r x ,R
Ž .s sstandard deviation of ln a x .A

Note that, since there is more than one pa-
rameter, a multi-parameter expansion is re-
quired. In the following sections, we will pro-
ceed as follows:

Ž1. expand the dependent variable displacement
.u to first-order in terms of the s-parameters,

Ž 2.thus neglecting terms of order O s or
higher;

2. solve the resulting stochastic wave equation
Ža classical wave equation except for the
presence of a spatially distributed random

.source term ;
3. perform a variety of statistical analyses on

the stochastic displacement wave-field and
Ž .insert the results into the random constitu-
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tive equations to obtain effective stress–strain
relations in terms of the mean stress and
strain wavefields.

3.2. DeÕelopment of perturbation equations

Ž . Ž .Since the solution u x,t of Eq. 5 must
depend on the material property parameters sR

and s , we choose a Taylor-expansion of usA
Ž .u x,t; s ,s around the parameter values sR A R

Ž .s0 and s s0. Dropping the x,t dependenceA
Ž .from our notations for convenience , we have

u s ,s su qu s qu s qO s 2 ,Ž . Ž .R A 0 R R A A

14Ž .
Ž 2. Ž 2. Ž 2.where O s stands for O s qO s qR A

Ž .O s s , and, by construction, we note theA R

‘‘superposition relations’’:

u 0,0 su , 15aŽ . Ž .0

u s ,0 su qu s qO s 2 , 15bŽ . Ž . Ž .R 0 R R

u 0,s su qu s qO s 2 , 15cŽ . Ž . Ž .A 0 A A

and

u s ,s su 0,0 q u s ,0 yu 0,0� 4Ž . Ž . Ž . Ž .R A R

q u 0,s yu 0,0 qO s 2 .� 4Ž . Ž . Ž .A

16Ž .
Ž .Eq. 16 specifically indicates that the total dis-

placement wave can be obtained by a single
Ž . Ž . Ž .superposition of u 0,0 , u s ,0 , and u 0,s .R A

Ž .Note the obvious meaning of these ‘‘ele-
mentary wave-fields’’:

Ž .Ø u 0,0 sdeterministic wave-field for con-
stant coefficient values RsR and AsA, or

Žequivalently, rsr and asa geometricG G
.mean values .

Ž .Ø u s ,0 sstochastic wave field for randomR
Ž . Ž Ž .. Ž . ŽR x i.e., r x but constant A x i.e.,
Ž . .a x sa .G
Ž .Ø u 0,s sstochastic wave field for constantA
Ž . Ž Ž . . Ž .R x i.e., r x sr , but random A xG

Ž Ž ..i.e., a x .
We now proceed to develop separate equations
for each of the sub-problems just defined.

3.2.1. First sub-problem
Ž .Deterministic u 0,0 'u , corresponding to0
Ž .s ss s0 and u 0,0 su is solution of theR A 0

equation:
LL u s0, 17Ž . Ž .0 0

with d’Alembertian operator
2 2E E aG2LL s yV , in which V s .0 0 0 )2 2Et Ex rG

18Ž .

3.2.2. Second sub-problem

Random u s ,0 'u qs u , with s s0:Ž .R 0 R R A

19Ž .
Ž .Inserting Eq. 19 in the momentum equation

Ž Ž . Ž ..see Eqs. 5 and 13c yields

E2 u qs uŽ .X 0 R Rs R Ž x .Re 2Et
E2 u qs uŽ .0 R R2y V s0. 20aŽ .Ž .0 2Ex

Ž . ŽExpanding the exponential in Eq. 20a the
Taylor series of e y is convergent for all finite

.values of y ,

esR RXŽ x .(1qs RX x qO s 2 , 20bŽ . Ž .Ž .R R

Ž .and inserting the expansion of Eq. 20b in Eq.
Ž .20a gives, after rearranging,

E2 P E2 P
2yV u0 02 2ž /Et Ex

E2 P E2 P E2u0X2qs yV u qR xŽ .R 0 R2 2 2½ 5ž /Et Ex Et

qO s 2 s0. 21Ž .Ž .R

Ž Ž .Recognizing that the first term vanishes LL u0
.'0 and dropping all terms of order higher

Ž .than O s gives the first-order approximateR

equation

E2 E2 E2u0X2yV u syR x syf .Ž .0 R R2 2 2ž /Et Ex Et
22Ž .

This equation is a stochastic wave equation for
Ž .the displacement u x,t . The stochasticityR
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arises only from a spatially distributed random
Ž .source term f x,t , given byR

E2u0Xf x ,t sR x . 23Ž . Ž . Ž .R 2Et

3.2.3. Third sub-problem
Ž .Random u 0,s su qs u , with s s0.A 0 A A R

For this problem, we obtain by the same method
used above

E2
X2 s A Ž x .A0s u qs u yV eŽ .0 A A 02Et

=
E AX

E E u qs uŽ .0 A A
s qAž /Ex Ex Ex

2 2 2E E u E02s u yV q s u0 0 A A2 2 2Et Ex Et

E2
X2 2yV s u yV s A xŽ .0 A A 0 A2Ex

E2
X2= u qs u yV 1qs A xŽ . Ž .Ž .0 A A 0 A2Ex

E AX
E

=s u qs u , 24aŽ . Ž .A 0 A A
Ex Ex

sA AXŽ x . XŽ .after first replacing e s1qs A x qA
Ž 2. Ž .O s . Thus, we obtain, after also using Eq. 5A

and rearranging terms,

E2 E2
2yV u0 A2 2ž /Et Ex

E Eu0X2sV A x syf , 24bŽ . Ž .0 Až /Ex Ex

with the stochastic source term expressed by:
E Eu02 Xf x ,t sy V A x . 25Ž . Ž . Ž . Ž .A 0 ž /Ex Ex

3.3. Fourier–Stieltjes representation

The next step in the analysis is to replace Eq.
Ž . Ž .B-6 i.e., right-going plane wave , in the fre-

Ž . Ž .quency-domain versions of Eqs. 23 and 25 .
This gives

s : f x ,v syv 2U v RX x eyjk0 x ;Ž . Ž . Ž .R R 0

26aŽ .

s : f x ,vŽ .A A

E AX

X2 yjk x0s jk V U v y jk A x e .Ž . Ž .0 0 0 0½ 5Ex
26bŽ .

ŽThe expressions for the Fourier–Stieltjes F–
.S increments can be obtained in several differ-

ent ways. The easiest procedure is to use the
Ž . Ž Ž . Ž ..f x,v formulas above Eqs. 26a and 26b

Ž .and to apply the property of Eq. B-3 . For this,
we define the following quantities:

ˆŽ .Ø d R k : the random F–S increment of the
XŽ .zero-mean stationary field R x ;

Ž̂ .Ø d A k : the random F–S increment of the
XŽ .zero-mean stationary field A x ; and

ˆŽ .Ø d B k : the random F–S increment of the
Žcomposite random field zero-mean and sta-

.tionary :

E AX

X XB x s y jk A x , 27aŽ . Ž . Ž .0
Ex

ˆ ˆ ˆ´d B k s jkd A k y jk d A kŽ . Ž . Ž .0

ˆs j kyk d A k . 27bŽ . Ž . Ž .0

Ž .Thus, applying the property of Eq. B-3 yields
Ž . Ž . Ž . Ž .Eqs. 27a , 27b , 28a and 28b

ˆ 2 ˆ 28ad f k syv U v d R kqk ; Ž .Ž . Ž . Ž .R 0 0

ˆ 2 ˆd f k s jk V U v d B kqkŽ . Ž . Ž .A 0 0 0 0

2 ˆsyU v V k kd A kqkŽ . Ž .0 0 0 0

k
2 ˆsyv U v d A kqk . 28bŽ . Ž . Ž .0 0k0

Ž .with k v sk svrV .0 0 0

3.4. Inserting the Green’s function and source
terms to obtain closed form expression of solu-

(tion in waÕenumber-frequency space first order
)random displacement field

Ž .Having expressed the stochastic displace-
ment solution rigorously in terms of random



( )J.O. Parra et al.rJournal of Applied Geophysics 42 1999 81–97 87

Fourier–Stieltjes increments of the material
Žproperties and in terms of the incident plane

.wave , we can now collect results to construct
the explicit solution. This will be done by

Ž . Ži inserting the Green’s function Fourier
. Ž .space version G k .

Ž .ii combining the u and u solutions, whichR A
Ž . Ž .correspond to r x variable and a x vari-

wable, respectively recall: usu qs u q0 R R
xs u .A A

Therefore, inserting the Fourier-space 1D
Ž Ž .. Ž .Green’s function Eq. A-8b in Eq. B-12 and

then substituting the previously obtained expres-
Ž . Ž .sion for Eqs. 28a and 28b , yields

u :R

ˆdu k s2p G k d f k ,Ž . Ž . Ž .ˆR R

k 2
0 ˆdu k syU v d R kqk . 29aŽ . Ž . Ž . Ž .ˆR 0 02 2k yk0

u :A

ˆdu k s2p G k d f kŽ . Ž . Ž .ˆA A

k 2 k0 ˆsyU v d A kqk ,Ž . Ž .0 02 2k yk k0 0

29bŽ .
Ž .where U v is related to the deterministic dis-0

Ž . Ž .placement u x,v as in Eq. B-6 .0
Ž . Ž .Combining Eqs. 29a and 29b , we find that

Ž X .the random part u suyu of the displace-0

ment has the random Fourier–Stieltjes incre-
ment given by

duX k ss du k qs du kŽ . Ž . Ž .ˆ ˆ ˆR R A A

k 2
0 ˆsU v s d R kqkŽ . Ž .0 R 02 2 ½k yk0

k
ˆqs d A kqk , 30Ž . Ž .A 0 5k0

Ž .where k sk v svrV . But0 0 0

uX x ,v su x ,v yu x ,vŽ . Ž . Ž .0

ksq`
jk xs e du k ,v . 31Ž . Ž .ˆH

ksy`

Finally, for an incident wave comprising a
Žwhole range of frequencies scase of broad-

Ž ..band u v , the space-time formulation of the0

random part of the wave is

uX x ,t su x ,t yu x ,tŽ . Ž . Ž .0

s e jv tuX x ,v dv , 32Ž . Ž .H
Ž .which, on inserting Eq. 31 becomes

uX x ,t su x ,t yu x ,tŽ . Ž . Ž .0

vs` ksq`
jv t jk xs e e du k ,v dv ,Ž .ˆH H

vsy` ksy`

33Ž .
Ž . Ž .where Eq. 30 may be inserted for du k,v .ˆ

In summary, the stochastic displacement wave
Ž .field is expressed in closed form by Eqs. 31 –

Ž .33 in terms of the incident deterministic plane
w Ž .wave its frequency content U v , its velocity0

Ž .V s a rr , and its wavenumber k v s(0 G G 0
xvrV and in terms of the random material0

w Ž . Ž .xproperties log-coefficients R x and A x . To
obtain the random stress wave, we must apply

w Ž . xHooke’s law tsa x ´ in the 1-D case with
w Ž .random log-coefficients a x s a exp =G

Ž XŽ .. xs A x in the 1-D case .A
Ž . Ž .Eqs. 31 – 33 , taken together, show that the

XŽ .first order perturbation field u x,v can be
expressed as the product of the deterministic

Ž . Ž Ž ..right-going wave u x,v Eq. B-6 , times a0
Ž . Ž .zero-mean. Thus, from Eqs. 31 – 33 we can

write, using the change of variables of integra-
tion kX skqk ,0

q`
2kX 0X jŽk yk . x0u x ,v s e U vŽ . Ž .H 0 2X 2y` k yk ykŽ .0 0

=
kX yk0X Xˆ ˆs d R k qs d A k .Ž . Ž .R A½ 5k0

34Ž .
Ž . Ž . yjk0 x ŽRecognizing that U x,v sU v e the0 0

.far field solution in a homogeneous medium
we obtain

uX x ,v su x ,v U X x ,v , 35Ž . Ž . Ž . Ž .0
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XŽ .where U x,v is the random field with spectral
representation

U X x ,vŽ .
q` y122 jk x 2s k e kyk ykŽ .H 0 0 0

y`

=
k

ˆ ˆs d R k qs y1 d A k .Ž . Ž .R A½ 5ž /k0

36Ž .

The v-dependence is due to the relation k s0

vrV .0
Ž .Eq. 36 is an explicit representation of the

random increments and standard deviation of
the stiffness and density fluctuations of the ran-
dom medium. To calculate the random wave-

Ž . Žfield, Eq. 36 is solved numerically in Section
. Ž .4 using the method of Shinozuka 1972 . This

method consists of constructing a model that is
characterized as a stationary Gaussian process
with zero mean, and a standard deviation equal
to the square root of the spectral density of the
density and stiffness fluctuations.

4. Numerical evaluation of stochastic wave
fields

The general solution of the first order
stochastic displacement field in the space-
frequency domain is given by

uX x ,v su x ,v U X x ,v , 37Ž . Ž . Ž . Ž .0

Ž .where u x,v is the deterministic right-going0

plane wave incoming from the far field and
XŽ .U x,v is the real-valued stationary random

field related to random material properties de-
scribed below. The deterministic displacement
is

u x ,v su v eyjk0 x , 38Ž . Ž . Ž .0 0

where k svrV0 0

1r2
aG

V s ,0 ž /rG

in which r s the geometric mean density; andG

a s the geometric mean of the 1D stiffnessG

coefficient a , that is aslq2m. In addition,
the total stochastic displacement can be deter-
mined, to first order, by

u x ,v su x ,v quX x ,v , 39Ž . Ž . Ž . Ž .0

or

Xu x ,v su x ,v 1qU x ,v .Ž . Ž . Ž .0

XŽ .The function U x,v is a frequency-depen-
dent spatial random field that has the following
properties: real-valued, zero-mean, and station-

Ž .ary i.e., with a spectral representation . In addi-
XŽ .tion, the function U x,v has the following

Ž Ž ..Fourier–Stieltjes representation using Eq. 34

q`
X Xjk x ˆU x ,v s e dU k ,v , 40Ž . Ž . Ž .H

y`

where

k 2
0Xˆ ˆdU k ,v s s d R kŽ . Ž .R2 ½2kyk ykŽ .0 0

k
ˆqs y1 d A k . 41Ž . Ž .A 5ž /k0

Ž .In Eq. 41 the Fourier–Stieltjes increments cor-
Ž .respond to the normalized Gaussian random
Ž . Ž .fields Rs ln r x and As ln a x . The fol-

lowing RrA correlation model is used to sim-
plify the formulation for U X.

Ž . Ž .We assume that R x and A x are station-
ary and correlated material properties. The pro-
posed cross-correlation model among the two

Ž . Ž .material properties R x and A x is to assume
that the two-point cross-covariance tensor of
Ž Ž . Ž ..R x , A x is of the form

C j C jŽ . Ž .R R R A 1 r̃s C j , 42Ž . Ž .
r 1C j C jŽ . Ž . ˜AR A A

Ž .where C j is a specified correlation common
Ž . Ž .to both R x and A x , r is their cross-correla-˜

Ž .tion coefficient i.e., y1FrFq1 . Similarly,˜
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this implies that the cross-spectral density tensor
has the special form

S k S kŽ . Ž .R R R A 1 r̃s S k . 43Ž . Ž .
r 1S k S kŽ . Ž . ˜AR A A

A pair of Gaussian random fields R and A
having the above cross-correlationrcross-spec-
tral structures have the form

R x sY x , 44Ž . Ž . Ž .
2'A x srY x q 1yr Z x , 45Ž . Ž . Ž . Ž .˜ ˜

Ž . Ž .where Y x and Z x are independent normal-
ized Gaussian fields, both having the same spa-

Ž . Ž .tial correlation C j and spectral density S k .
Ž . Ž .In this case, we use the fact that R x and A x

are normalized Gaussian fields. Alternatively,
Ž . Ž .for non-normalized R x and A x , more gen-

eral relations are

R x sRqs Y x 46aŽ . Ž . Ž .R

and
2'A x sAqs rY x q 1yr Z x ,Ž . Ž . Ž .˜ ˜A

46bŽ .
Ž . Ž .where Y x and Z x are as defined above.

Applying the Fourier–Stieltjes transform to
Ž . Ž .Eqs. 46a and 46b , we obtain the increments:

ˆ ˆd R k sdY k 47aŽ . Ž . Ž .
and

2'ˆ ˆ ˆd A k srdY k q 1yr dZ k . 47bŽ . Ž . Ž . Ž .˜ ˜
As a consequence, we can now rewrite the

XŽ . Ž . Ž .random U x,v given by Eqs. 40 and 41 in
the following forms

U X x ,v sU X x ,v qU X x ,v 48Ž . Ž . Ž . Ž .y z

where
`

X Xjk x ˆU x ,v s e dU k ,v ,Ž . Ž .Hy y
y`

in which

k 2
0XˆdU sy 2 2kyk ykŽ .0 0

=
k

ˆs qs y1 r dY k .Ž .˜R A ž /k0

In the same manner
`

X Xjk x ˆU x ,v s e dU k ,v 49Ž . Ž . Ž .Hz z
y`

where

k 2
0XˆdU k ,v sŽ .z 2 2kyk ykŽ .0 0

=
k

2' ˆs y1 1yr dZ k ,Ž .˜A ž /k0

or, alternatively and equivalently
`

X Xjk x ˆU x ,v s e dU k ,v , 50Ž . Ž . Ž .H
y`

where

k 2
0XˆdU k ,v sŽ . 2 2kyk ykŽ .0 0

=
k

ˆs qs y1 r dY kŽ .˜R A½ ž /k0

k
2' ˆq s y1 1yr dZ k .Ž .˜A 5ž /k0

51Ž .
In these equations, v-dependence enters through

ˆ ˆŽ . Ž .k svrV . Also, the functions dY k and dZ k0 0

are the random increments of independent ran-
Ž . Ž .dom fields Y x and Z x having the same

correlationrspectral structures. The latter is the
Ž .common correlation structure C j or spectral

Ž .density S k of all log-material properties after
normalization.

Ž .To evaluate Eq. 51 numerically requires
modification of this equation by introducing

Ž Ž ..attenuation and expressing Eq. 51 in a more
appropriate form for calculations. The Stieltjes
random increments has the form

1
Xˆ ˆdU k ,v s s d R kŽ . Ž .R2 ½k

y1 y1ž /k̃0

k
ˆqs y1 d A k 52Ž . Ž .A 5ž /k̃0
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Table 1
Gaussian model parameters

g D

'0 lr 2p

1r2 0.485225602 l
1 lr2

'2 lr 2p

in which attenuation is introduced by expressing
the wavenumber, k , as a complex variable0

given by
v

k̃ s 1y jd ,Ž .0 V0

where ds0.5rQ and Q is the quality factor of
the random medium.

ˆ ˆ ˆExpressing d R and d A in terms of dY and
ˆ Ž .dZ, we can write Eq. 52 as

ˆ X ˆ ˆdU k ,v sh k ,v dY k qg k ,v dZ k ,Ž . Ž . Ž . Ž . Ž .
53Ž .

where

1
h k ,v sŽ . 2

k
y1 y1ž /k̃0

=
k

s qrs y1 , 54aŽ .˜R A ž /k̃0

and

1
2'g k ,v s 1yr sŽ . ˜ A2

k
y1 y1ž /k̃0

=
k

y1 . 54bŽ .ž /k̃0

ŽNext, we apply the method of Shinozuka 1972,
.1987 by replacing the random increments by

jf Žk .ˆ (dY k s S k dk e 55aŽ . Ž . Ž .
and

jC Žk .ˆ (dZ k s S k dk e , 55bŽ . Ž . Ž .

Ž . Ž .where f k and C k are uniformly distributed
w xphases over 0,2p for any fixed k/0 and

Ž .S k is the spectral density for the 1D material
Žproperty coefficients including the log-density

.and log-stiffness . Thus, by substituting the ran-
Ž . Ž .dom increments given by Eqs. 55a and 55b

Ž .into Eq. 53 , the resulting expression may be
Ž .replaced in Eq. 49 to obtain

`
X jk x j f Žk .(U x ,v s e S k dk h k ,v e�Ž . Ž . Ž .H

y`

qg k ,v e jC Žk . . 564Ž . Ž .
Ž . Ž .Thus, substituting Eq. 56 in Eq. 39 the total

stochastic particle displacement is given by
`

yjŽk yk . x0u x ,v su x ,v q e u vŽ . Ž . Ž .H0 0
y`

= j f Žk .(S k dk h k ,v e�Ž . Ž .
qg k ,v e jC Žk . . 574Ž . Ž .

The particle displacement in the time domain is
Ž .obtained by applying FFT to Eq. 57 . To calcu-

late spectral responses and full waveform seis-
Ž .mic waves using Eq. 56 , we will use the

following density functions.

4.1. Gaussian model

1
2g Ž .y k l< <S k sD kl e ,Ž . 2

where l is the correlation length. For each g we
Ž .have to find the values of D such that S k is

normalized by satisfying the relation
` 1
S k dks .Ž .H

20

We therefore find that g and D are given by
the values listed in Table 1.

Table 2
Gauss–Markov model parameters

g D

0 2 lrp

1r2 4 lrp62
1 l
2 2 lrp
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4.2. Gauss–MarkoÕ model

y22g< <S k sD kl 1q kl .Ž . Ž .
The values of g and D for this model are given
in Table 2.

5. Numerical results

To test the random wavefield solution given
in this paper, we constructed a model assuming
a plane compressional wave propagating in the
direction of a vertical borehole. The plane wave
propagates parallel to the borehole axis with a
compressional wave velocity of 2000 mrs in a
medium having an average density of 2.7 grcc
and a quality factor Qs50. The solution gener-
ates a frequency domain transfer function every
5 Hz from 0 to 5115 Hz. There are 11 ideal
borehole receivers located at 1-m intervals from
1 to 11 m in the medium. The standard devia-
tion of the fluctuations in the log of the stiffness
and density is 0.1 for each property. The length

Ž .scale l of the spatial variations in the medium
is 0.5 m, corresponding to a characteristic scat-

Ž .tering frequency ls4 l of 1000 Hz. Since we

Fig. 1. Density and velocity variations of a random medium
as a function of depth. Plots were generated using a
correlation length ls0.5 m corresponding to a characteris-
tic scattering frequency of 1000 Hz.

Fig. 2. Synthetic seismogram of a plane-wave propagating
in a medium having the random rock physical properties
depicted graphically in Fig. 1. The source center frequency
used to produce this seismogram was 400 Hz.

used a cross-correlation coefficient of the den-
sity and stiffness fluctuations equal to 0.5, each
random medium property is generated from the
inverse transform of the k-space random field
given by

if Žk . jc Žk .S k e qe ,Ž .
Ž . Ž .where f k and C k are random phase angles,

Ž . 2 2 yk 2 l2

and S k sDk l e . Different sets of ran-
dom phase angles are used for each different
material property. In practice, the symmetric
random field is represented by discrete points
from kls0.0 at 15.0 by 0.001 intervals. This
small interval is necessary to resolve peaks in
the integrand having a half-width on the order

Ž .of v lr QV . For this reason, the Q cannot be
too large.

Fig. 1 shows the density and velocity profiles
of a random medium generated using the pa-
rameters given above. It is easily observed that
there is roughly a 10% variation in the density
and velocity, consistent with the 0.1 log varia-
tion cited above. In a non-random medium,
there would be no such variations and both plots
would be flat.

Figs. 2 and 3 show seismograms for each
receiver at frequencies of 400 and 800 Hz,
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Fig. 3. Synthetic seismogram of a plane-wave propagating
in a medium having the random rock physical properties
depicted graphically in Fig. 1. The source center frequency
used to produce this seismogram was 800 Hz.

respectively. Note the slight amplitude and pulse
width variations, although the value of Qs50
forces a general weakening of the pulse with
distance at the higher frequencies. The ampli-
tude and pulsewidth variations away from the
main pulse would not be seen in a regular
non-random medium. However, the appearance
of these extra amplitude variations away from

Žthe main pulse occurs in actual field data. See
Ž . .Parra et al. 1996 .

The method of calculating the dispersion
curves is based on pulses and group velocities,
not single frequencies and phase velocities. In
our method, a Ricker wavelet of defined center
frequency is convolved with the transfer func-
tion for each receiver in order to generate the
seismogram. Arrival times are determined by
locating a specified zero crossing in the time
series with an automatic picking program. Fig. 4
shows the dispersion curve based on the time
required to traverse distances of 3, 7 and 10 m.

Ž .In fact, at the lower dispersing frequencies, the
measured velocity varies with spatial location as
well as frequency. That is, a different dispersion
curve could be calculated between every pair of
receivers. It is possible, then, to make a map of

Ž .effective velocity as VsV x,v using adjacent
receivers to define the x values on the map

Fig. 4. Dispersion curves based on the time required to
travel distances of 3, 7 and 10 m, respectively.

Ž .Fig. 5 . This map shows that regions of posi-
tive dVrdv are interspersed with regions of
negative dVrdv. However, as dispersion is ex-

Ž .amined over longer distances as in Fig. 4 these
effects cancel, resulting in a net non-dispersive
medium.

In Fig. 4 the shorter lengths should show
more effects of the heterogeneities, while the
longer lengths should be more representative of
the medium as a whole. In the high frequency
limit, all three dispersion curves approach the
constant velocity of the ray-theoretical limit.
This limit is nominally the average velocity of
2000 mrs, but will fluctuate according to the
actual average velocity over the measurement
interval. In the low-frequency limit, the disper-

Fig. 5. Map of effective velocity showing the variations of
velocity between pairs of receivers and frequency.
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sion curve should also approach a bounding
limit: the Backus, or effective medium, velocity.
The two curves describing shorter path lengths
do indeed appear to approach a limiting veloc-
ity. The longer path length curve could well
approach a limit if lower frequencies were pre-
sent. Unfortunately, the integral equation for the
transfer function becomes very difficult to solve
at low frequencies. This is due to a peak in the
integrand with width proportional to 1rv and
height proportional to v. With more effort, this
could be readily resolved by adaptive integra-
tion techniques. In the present case, however,
the integral is also dependent on the phase
angles f and C which must be distributed ati i

fixed points in k-space and the peak must be
well resolved by both the phase angles and the
integration variable. Changing the location of

Ž .the phase angles or introducing new ones
would change the structure of the underlying
medium, and so is not a viable option. We are
thus limited to ‘‘higher’’ frequencies by the
availability of computational resources.

6. Conclusions

A fundamental analysis of wave propagation
in randomly heterogeneous medium was devel-
oped by treating the stochastic wave propaga-
tion problem in 1D space for plane-harmonic
compressional seismic waves traveling in a
medium having random material properties dis-
tributed in the vertical direction. The 1D ran-
dom medium solution was developed in terms
of standard deviations. The results demonstrate,
in principle, that the solution can be used to
simulate scattering attenuation caused by thin
random-property layering in laminated reser-
voirs. The solution can be extended to include
plane compressional waves incident at arbitrary
angles and can be used to calculate scattering
attenuation and velocity dispersion as a function
of depth using the amplitude ratio method.

In addition, the theory presented in this paper
has been extended to the development of the

effective propagation vector of acoustic waves
in randomly heterogeneous media. It is pre-
sented in a companion paper where an analyti-
cal solution is obtained in terms of the standard
deviations of the density and the Young’s mod-
ulus, as well as cross-correlation coefficients of
the rock physical properties. Also, this compan-
ion paper introduces practical expressions for
the attenuation and phase velocity of waves in
random heterogeneous media that is applied to
interpret interwell acoustic data recorded at the
Buckhorn test site, Illinois.
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Appendix A. Fourier space–Green’s function
solution using ‘‘informal’’ fourier represen-
tations

Ž . Ž .We have seen in Eqs. 22 and 24b that our
perturbation equations for the elementary com-

wponents of the random displacements such as
Ž . Ž . xu due to r x , u due to a x . . . were of theR A

generic form, in space-time

E2 E2
2yV u x ,v syf x ,t . A-1aŽ . Ž . Ž .02 2ž /Et Ex

The space-frequency version of this expression
is given by

E2
2 2v qV u x ,v s f x ,v . A-1bŽ . Ž . Ž .0 2ž /Ex
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Normally, we can carry the sequence of trans-
forms one step further by transforming to
wavenumber space, giving

2 2 2 ˜v yV k u k ,v s f k ,v , A-2Ž . Ž . Ž .˜Ž .0

and the informal solution

f̃ k ,vŽ .
u k ,v s , A-3Ž . Ž .˜ 2 2 2v yV k0

The informal Fourier representation is

u x ,v s e jk xu k ,v dk , A-4aŽ . Ž . Ž .˜H
1

yjk xu k ,v s e u x ,v d x , A-4bŽ . Ž . Ž .˜ H
2p

Ž . Ž .and similarly for f x,v and f k,v .
The previous calculations appear to be simple

Ž .because i we are operating on a simple 1D
Ž .model problem, and ii we have postponed for

later a scrutiny of the postulated Fourier repre-
Ž . Ž .sentations of the random u and f fields.

Ž .Regarding point i , it will be instructive to
re-derive the solution above by using a Green’s
function approach in Fourier space. This will be

Žmore analogous to the 3D case where we have
.to use a dyadic Green’s function .

Ž .Let us write the space-frequency Eq. A-1b
in a generic way as

LL u x s f x , A-5Ž . Ž . Ž .Ž .0

Ž .where the dependence on frequency v is im-
plicit. The Green’s function for this problem is
that which satisfies

LL G x , y sd yyx , A-6Ž . Ž . Ž .Ž . y0

where the operator differentiates with respect to
Ž .y not x . Applying deterministic Fourier trans-

forms to both sides yields,

1
2 2 2 ˜v yV k G k s . A-7Ž . Ž .Ž .0 2p

The Fourier space–Green’s function is easily
Ž . Ž .obtained from Eqs. 55a and 55b and is

1 1
G̃ k s . A-8aŽ . Ž .2 2 22p v yV k0

This can also be represented as

1 1 k 2 v0
G̃ k s , k s . A-8bŽ . Ž .02 2 22p v k yk V0 0

In space, the Green’s function serves to ex-
press the solution as an integral over the source
term. That is,

u x s G x , y f y d y. A-9Ž . Ž . Ž . Ž .H
Ž . Ž < <.Since G x, y sG yyx , we can write the

above integral as a convolution

u x s G xyy f y d y. A-10Ž . Ž . Ž . Ž .H
ŽUsing the Fourier convolution theorem related

.to Parseval’s theorem yields

˜ ˜u k s2p G k f k , A-11Ž . Ž . Ž . Ž .˜
which is indeed equivalent to the solution al-

Ž Ž ..ready obtained see Eq. A-2 , provided that
Ž .the Green’s function given by Eq. A-8a is

used.
Ž .Note: Eq. A-11 is easily proved as follows:

`

U x s f y G xyy d yŽ . Ž . Ž .H
y`

` `
qi kŽ xyy.˜s f y G k e dkd yŽ . Ž .H H

y` y`

` `
yi k y i k x˜s G k f y e d y e dkŽ . Ž .H H

y` y`

`
ik x˜ ˜s G k 2p f k e dkŽ . Ž .Ž .H

y`

so that

˜ ˜u k s2p f k G k . Q.E.D.Ž . Ž . Ž .˜

Appendix B. Expression of stochastic solution
in terms of random Fourier–Stieltjes incre-
ments

The difficulty that has been eluded so far is
that the Fourier decompositions used in Ap-
pendix A are not usually allowed, strictly speak-

Žing, for random measure Fourier–Stieltjes mea-
.sure . Instead of Fourier components such as
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Ž .u k , one usually uses only random Fourier–˜
Stieltjes increments. Only in the case of excep-
tionally smooth random fields can we write

Ž .equivalently for du k . Moreover, for a randomˆ
field, we employ a Fourier representation that is
orthogonal in a statistical sense. Only for a
zero-mean stationary random field are we guar-
anteed that the random increments are uncorre-
lated for different wavenumbers. We can also
encounter the case where two random fields
which are separately stationary are not necessar-
ily jointly stationary, i.e., they are not ‘‘station-
arily correlated’’. All of these different aspects
have to be treated carefully in order to obtain a
tractable characterization of the stochastic
wavefield. We begin with a re-formulation of
the Fourier space representation.

B.1. Fourier–Stieltjes representations

A priori, we know only that the random
XŽ . XŽ .log-coefficients A x and R x are zero-mean

Žstationary random fields and they are either
uncorrelated, or stationarily correlated, as per

. Ž .our assumptions . We are not sure a priori that
Ž . Ž .this holds also for the solution u x,t or u x,v

Ž . Ž .or the random source term f x,t or f x,v .
Ž .With regard to the source term, Eqs. 23 and

Ž .25 indicate that the random source term ‘‘ f ’’
w Ž . xis of the generic form in x,t space

f x ,t saX x u x ,t B-1aŽ . Ž . Ž . Ž .0

w Ž . xor in x,v space

f x ,v saX x u x ,v , B-1bŽ . Ž . Ž . Ž .0

XŽ .where a x is a zero-mean Gaussian random
Ž . Ž .field and u x ,v is a deterministic0

XŽ .planewave. Owing to the stationarity of a x ,
and using the generalized Fourier–Stieltjes inte-
grals mentioned above, it can be shown that
Ž .f x,v is a zero-mean random field with the

following Fourier representation

jk x ˆf x ,v s e d f k ,v . B-2Ž . Ž . Ž .H
R

ŽThe Fourier increment is given by omitting
.dependence on v

ˆ X Xd f k s du kyk da k , B-3Ž . Ž . Ž . Ž .ˆ ˆH 0
Xk gR

where this result may be derived rigorously in
generic notation as follows:

Let

F x sa x A xŽ . Ž . Ž .
with

a x s e jk xa k dks e jk xda k ,Ž . Ž . Ž .˜ ˆH H
R R

and

jk x ˆA x s e d A k ,Ž . Ž .H
R

´F x sA x a xŽ . Ž . Ž .

jk x ˆ jkX xs e d A k e da kŽ . Ž .ˆH H

´F x s d A k e jŽkqkX. xda kX .Ž . Ž . Ž .ˆH H
XkgR k gR

Let

KskqkX gR´

F x s d A k e jK xda Kyk .Ž . Ž . Ž .ˆH H
kgR KgR

Finally, changing the order of integration
without changing the result

jK x ˆF x s e d A k da Kyk .Ž . Ž . Ž .H Hž /
KgR kgR

But, this latter expression is precisely of the
form of a Fourier–Stieltjes spectral representa-
tion. That is

jK x ˆF x s e d F K ,Ž . Ž .H
KgR

with a random Fourier–Stieltjes increment of
the form

ˆ ˆd F k s d A k da Kyk .Ž . Ž . Ž .ˆH
kgR
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Similarly, the product

ˆ Û X² :d f k d f kŽ . Ž .

s du kyw duU kX yw S w dw ,Ž . Ž . Ž .ˆ ˆH 0 0 aa
R

B-4Ž .
Ž .where S k is the spectral density function ofaa

XŽ .the random field a x .

Ž .Proof. From Eq. B-3

ˆ Û Xd f k d f kŽ . Ž .

s du kyÕ da Õ duU kX yw daU wŽ . Ž . Ž . Ž .ˆ ˆ ˆ ˆH 0 0

s du kyÕ duU kX ywŽ . Ž .ˆ ˆH 0 0

=da Õ daU w .Ž . Ž .ˆ ˆ
Assuming ‘‘stationarily correlated zero-mean
random fields’’, we have, by definition of such
fields, the relationship that

² U :da Õ da w sS Õ d Õyw dÕdw.Ž . Ž . Ž . Ž .ˆ ˆ aa

B-5Ž .
This then yields

ˆ Û X² :d f k d f kŽ . Ž .

s du kyÕ duU kX ywŽ . Ž .ˆ ˆH 0 0

=² U :da Õ da wŽ . Ž .ˆ ˆ

s du kyw duU kX yw S w dw.Ž . Ž . Ž .ˆ ˆH 0 0 aa

Q.E.D.
Ž .The spectral density function S k is, there-aa

fore, defined through the relationship given by
Ž .Eq. B-5 , by definition of what is meant by a

stationarily correlated zero-mean random field.
Ž .In Eq. B-4 , we note that, for a given fre-

Ž .quency, v, the plane-wave u x,v must be0

single-spiked in wavenumber space. That is,
Ž .u x,v will vanish except for a particular0

Žwavenumber which we may denote by k see0
Ž ..Eq. A-8a . As a consequence, we will have

that, for a plane wave, except for kskX. This is

Ž .sufficient to conclude that: If u x,v repre-0
Žsents a deterministic plane-wave with single-

. XŽ .spiked wavenumber spectrum , and if a x is a
Ž .zero-mean stationary random field, then f x,v

XŽ . Ž .sa x u x,v is also a zero-mean stationary0

random field.
Specifically, for a right-going plane-wave,

the deterministic solution is given in frequency
space by

u x ,v sU v eyjk0 x k svrV . B-6Ž . Ž . Ž . Ž .0 0 0 0

In wavenumber space, this yields a Fourier-in-
crement

du kX sU v d kX qk dkX . B-7Ž . Ž . Ž . Ž .ˆ0 0 0

Ž .When this is inserted in Eq. B-3 , the result is

ˆd f k sU v da kqk , B-8Ž . Ž . Ž . Ž .ˆv 0 0

Ž .and similarly when Eq. B-7 is substituted into
Ž .Eq. B-4 , the result is

ˆ Û X 2² : < <d f k d f k s U v S kqkŽ . Ž . Ž . Ž .v v 0 aa 0

=d kX yk dkdkX . B-9Ž . Ž .

Proof.

ˆ Û X² :d f k d f kŽ . Ž .

s du kyw duU kX yw S w dwŽ . Ž . Ž .ˆ ˆH 0 0 aa

< < 2s U w d kywqkŽ . Ž .H0 0

=dkd kX ywqk dkXS w dwŽ . Ž .0 aa

< < 2 X Xs U w S kqk d k yk dkdk .Ž . Ž . Ž .0 aa 0

Ž . ŽNote that k sk v . A better notation for0 0
. Ž .‘‘k ’’ may be ‘‘k ’’. Also note that Eq. B-90 v

² Ž . UŽ X.:expresses the product d f k d f k for thev v

special case v
X sv. Since this product always

Žappears as an integrand in wavenumber inte-
.grals , then applying the usual rules of integra-

Ž .tion with delta-functions shows that Eq. B-9 is
equivalent to

ˆ Û X² :d f k d f kŽ . Ž .
0 if k/kX ,

s 2 X½ < <U v S kqk dk if ksk .Ž . Ž .0 aa 0

B-10Ž .
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where we dropped the subscript v for conve-
nience.

Ž . Ž .From Eq. B-5 , the results in Eqs. B-9 and
Ž .B-10 demonstrate that the source term
f x ,v in frequency-spaceŽ . Ž .
is a zero-mean stationary random function of x,
with spectral density function

< < 2S k s U v S kqk , B-11Ž . Ž . Ž . Ž .f f 0 aa 0

Ž .and with random increment given by Eq. B-8 .
Here, recall that

< Ž . <Ø U v is the modulus or amplitude of the0
Ž .complex plane wave input at frequency v.

Ž .Ø S k represents the spectral density of theaa
XŽ .random material property a x .

Ø k s vrV is a frequency-dependent0 0

wavenumber characteristic of the incident
Žplane wave V being a constant material0

.property .
Ø The plane-wave was assumed to be right-

going, i.e., along positive x. This corre-
sponds to a wavenumber having a minus
sign.
The Fourier space–Green’s function solu-

tions in Appendix A can now be expressed
more correctly in terms of Fourier–Stieltjes in-

Ž Ž ..crements as follows see Eq. A-11

˜ ˆdu k s2p G k d f k , B-12Ž . Ž . Ž . Ž .ˆ
where all quantities depend on frequency v.
The Green’s function in Fourier space was given

ˆŽ . Ž .by Eq. Eq. A-8a . For d f k , we have shown
Ž .above that, if f x is of the form

f x ,v saX x u x ,v ,Ž . Ž . Ž .0

Ž .then is given by Eq. B-8 . That is,

ˆd f k sU v da kqk .Ž . Ž . Ž .ˆ0 0
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